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Resumo
Esta tese estuda propriedades de certos tipos de superf´ıcies alge´bricas. Sa˜o abor-
dados dois problemas distintos. O primeiro diz respeito a superf´ıcies de tipo geral
cuja aplicac¸a˜o cano´nica se factoriza por uma involuc¸a˜o, e o segundo e´ o estudo de
superf´ıcies racionais com um conjunto par de curvas (−4) (ou seja curvas racionais
na˜o-singulares com auto-intersecc¸a˜o −4).
Na primeira parte da tese sa˜o estudadas diversas propriedades de superf´ıcies
minimais de tipo geral regulares com K2 ≥ 2pg e pg ≥ 5 cuja aplicac¸a˜o cano´nica se
factoriza por uma involuc¸a˜o tal que a superf´ıcie quociente e´ uma superf´ıcie racional.
Um ingrediente essencial e´ a considerac¸a˜o de va´rios sistemas lineares obtidos por
adjunc¸a˜o sucessiva a partir do divisor de ramificac¸a˜o do revestimento duplo associado
a` involuc¸a˜o. Sa˜o reobtidas e por vezes refinadas algumas das desigualdades de [Xi]
e de [Re1] sobre existeˆncia de feixes de curvas de ge´nero baixo nestas superf´ıcies.
Em seguida, usando o mesmo tipo de me´todos, estuda-se o caso das superf´ıcies
com K2 = 2pg e pg ≥ 5, sendo feita uma caracterizac¸a˜o completa daquelas cuja
aplicac¸a˜o cano´nica e´ na˜o birracional.
A segunda parte da tese e´ dedicada ao estudo das superf´ıcies racionais com um
conjunto par de curvas (−4). Usando as propriedades da superf´ıcie S obtida como
revestimento duplo ramificado no conjunto par de curvas, mostra-se que contraria-
mente ao que acontece com os conjuntos pares de curvas (−2) (ver [DMP]), o nu´mero
de curvas de um conjunto par de curvas (−4) e´ limitado, menor ou igual que 12.
A superf´ıcie S tem sempre dimensa˜o de Kodaira maior ou igual que 0 e os conjun-
tos pares de curvas racionais (−4) tais que S tem dimensa˜o de Kodaira 0 ou 1 sa˜o
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completamente caracterizados. Sa˜o dados va´rios exemplos desta situac¸a˜o.
Palavras Chave: Superf´ıcies regulares de tipo geral
Aplicac¸a˜o cano´nica
Involuc¸o˜es e revestimentos duplos
Superf´ıcies racionais
Feixes de curvas de ge´nero baixo
Conjuntos pares de curvas
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Abstract
This thesis studies properties of certain algebraic surfaces. Two different problems
are looked at. The first concerns surfaces of general type whose canonical map is
composed with an involution, whilst the second concerns even sets of disjoint (−4)-
curves (i.e. smooth rational curves with self-intersection −4) on rational surfaces.
The first part of the thesis studies several properties of regular minimal surfaces
of general type with K2 ≥ 2pg, pg ≥ 5, such that the canonical map factors through
an involution with rational quotient surface. An essential tool is the study of various
linear systems obtained by successive adjunction from the branch locus of the double
cover associated to the involution. Some of the inequalities of [Xi] and [Re1] on the
existence of pencils of small genus on these surfaces are obtained again and in some
instances refined.
Next, with the same type of methods, the case of minimal surfaces withK2 = 2pg
and pg ≥ 5 is studied and a complete characterization of such surfaces with non
birational canonical map is done.
The second part of the thesis focuses on rational surfaces having an even set of
disjoint (−4)-curves. The properties of the surface S obtained by considering the
double cover branched on the even set are studied. It is shown, that contrarily to
what happens for even sets of (−2)- curves (see [DMP]), the number of curves in an
even set of (−4)-curves is bounded (less or equal to 12). The surface S has always
Kodaira dimension bigger or equal to zero and the cases of Kodaira dimension zero
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and one are completely characterized. Several examples of this situation are given.
Keywords: Regular surfaces of general type
Canonical map
Involutions and double covers
Rational surfaces
Small genus pencils
Even sets of curves
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Resumo alargado
Esta tese estuda dois problemas: superf´ıcies de tipo geral cuja aplicac¸a˜o cano´nica e´
composta com uma involuc¸a˜o e superf´ıcies racionais com um conjunto par de curvas
(−4). Uma ferramenta importante para o estudo de ambos problemas e´ o uso das
propriedades dos revestimentos duplos (ou de forma equivalente das involuc¸o˜es).
A bem conhecida desigualdade de Noether estabelece que uma superf´ıcie minimal
de tipo geral satisfaz K2 ≥ 2pg − 4. Superf´ıcies com K2 < 2pg sa˜o sempre regulares
e foram estudadas por va´rios autores. Horikawa classificou as superf´ıcies com K2 =
2pg − 2, 2pg − 3 e 2pg − 4. Algumas propriedades das superf´ıcies com K2 = 2pg −
1 foram estudadas por outros autores. Ale´m disso, Horikawa em [Ho5], tambe´m
classificou as superf´ıcies irregulares com K2 = 2χ = 2pg − 2q + 2: estas superf´ıcies
satisfazem q = 1 e o feixe de Albanese e´ de ge´nero 2.
O estudo da aplicac¸a˜o cano´nica duma superf´ıcie S (isto e´, a aplicac¸a˜o racional
dada pelo divisor |KS |) e´ de grande interesse na teoria das superf´ıcies de tipo geral e
o primeiro estudo sistema´tico da aplicac¸a˜o cano´nica foi feito por Beauville em [Be2].
A imagem da aplicac¸a˜o cano´nica pode ser uma curva ou uma superf´ıcie. Quando e´
uma curva diz-se que |KS | e´ composto com um feixe. Quando e´ uma superf´ıcie, pg
e´ necessariamente maior ou igual a 3 e a aplicac¸a˜o cano´nica e´ genericamente finita
de grau d. Quando o grau d e´ 2, a aplicac¸a˜o cano´nica induz uma involuc¸a˜o em S.
Esta e´ a situac¸a˜o em muitos casos. Em particular, pelo teorema de Castelnuovo
uma superf´ıcie minimal de tipo geral S que satisfaz K2S < 3pg − 7 tem aplicac¸a˜o
cano´nica de grau 2 com imagem uma superf´ıcie regrada (cf. [Be2]), tendo assim um
feixe hiperel´ıptico em S proveniente do pull-back pela aplicac¸a˜o cano´nica de uma
fibrac¸a˜o racional da imagem.
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A motivac¸a˜o para a primeira parte da tese foi tentar entender melhor a estru-
tura das superf´ıcies regulares S com K2S ≥ 2pg e pg ≥ 5 cuja aplicac¸a˜o cano´nica
e´ composta com uma involuc¸a˜o i tal que S/i e´ uma superf´ıcie racional. Com este
propo´sito, prova´mos de novo alguns dos resultados de Xiao Gang [Xi] e de M. Reid
[Re1] sobre feixes hiperel´ıpticos de ge´nero baixo. A estrate´gia aqui foi entender o
comportamento de alguns divisores que definem a cobertura dupla e os sucessivos
adjuntos. A filosofia usada e´ semelhante a` usada por Reid [Re1], embora sem recorrer
ao Minimal Model Program. A utilizac¸a˜o de argumentos geome´tricos permitiu-nos
refinar nalguns casos os resultados.
O resultado mais relevante obtido nesta parte e´:
Teorema 2.2.21: Seja S uma superf´ıcie minimal regular de tipo geral com pg ≥ 13
e K2S ≥ 2pg, cuja aplicac¸a˜o cano´nica e´ de grau 2 sobre uma superf´ıcie racional.
Denotando por t o nu´mero de pontos fixos isolados da involuc¸a˜o, enta˜o:
• se K2S < 83pg − 8 + t, S tem um feixe de ge´nero 2 e t = K2S − 2pg + 4;
• se K2S < 3pg − 13, S tem um feixe de ge´nero 2 ou um feixe hiperel´ıptico de
ge´nero 3;
• se K2S = 3pg−13 e S na˜o tem um feixe de ge´nero 2 ou 3, pg(S) = 15, K2S = 32
e S e´ uma cobertura dupla de P2 ramificada numa curva de grau 14 sem
singularidades essenciais ou K2S = 50, pg = 21 e S e´ uma cobertura dupla de
P2 ramificada numa curva de grau 16 sem singularidades essenciais.
Ale´m disso, se a involuc¸a˜o cano´nica tem t ≥ 2 pontos fixos isolados, enta˜o:
• se K2S < 3pg − 12+ t, S tem um feixe de ge´nero 2 ou um feixe hiperel´ıptico de
ge´nero 3.
Comparando estes resultados com os obtidos por [Xi] e [Re1], verificamos que se
obtiveram resultados ligeramente mais precisos.
Esta parte, como indicado no fim do cap´ıtulo 2, tem um grande potencial para
futura investigac¸a˜o e com os mesmos me´todos poder-se-a˜o obter as restantes desi-
gualdades de [Xi] e [Re1], com de novo possivelmente uma maior precisa˜o.
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Em seguida focamos o caso concreto de superf´ıcies regulares com K2 = 2pg e
pg ≥ 5. Na˜o tratamos o caso pg = 4 porque este esta´ a ser estudado por [BaP]. Note-
se que com os nossos me´todos se pode recuperar a classificac¸a˜o de [BaP]. Comec¸amos
com um estudo geral da aplicac¸a˜o cano´nica destas superf´ıcies. Pelos resultados de
[Ho3], a aplicac¸a˜o cano´nica na˜o e´ composta com um feixe. Por outro lado por [MP],
a aplicac¸a˜o cano´nica tem necessariamente grau ≤ 2. Ale´m disso, se a aplicac¸a˜o
cano´nica for birracional, enta˜o pg ≤ 7. Para valores de pg ≤ 7 estas superf´ıcies
foram estudadas por va´rios autores (damos a refereˆncia de [AK], [M] para pg = 7;
de [Ko] para pg = 6; de [Ci] para pg = 5 e |KS | sem pontos base). O nosso maior
interesse e´ enta˜o o estudo da aplicac¸a˜o cano´nica quando esta tem grau 2. Neste caso
a imagem cano´nica e´ sempre uma superf´ıcie racional e o nu´mero t de pontos fixos
isolados da involuc¸a˜o cano´nica e´ 0, 2 ou 4. Os principais resultados obtidos sa˜o:
• Proposic¸a˜o 3.2.2: Se t = 0, enta˜o pg ≤ 12 e S e´ a resoluc¸a˜o minimal da
cobertura dupla de Fr, r ≤ 3, ramificada numa curva de |8C0 + 2(5 + 2r)f |
tendo 12−pg pontos singulares de multiplicidade 4 como u´nicas singularidades
essenciais.
• Teorema 3.3.3: Se t = 2, enta˜o pg ≤ 8 e as possibilidades sa˜o:
(i) S e´ a resoluc¸a˜o minimal duma cobertura dupla duma superf´ıcie T de Del
Pezzo (no sentido fraco) de grau pg + 1 ramificada num divisor efectivo
de | − 4KT | que tem exactamente dois pontos de tipo (3,3) como u´nicas
singularidades essenciais.
(ii) S e´ a resoluc¸a˜o minimal duma cobertura dupla de Fr, r ≤ 2, cuja curva
de ramificac¸a˜o e´ unia˜o duma curva de |8C0 + (9 + 4r)f)| com uma fibra
f . A curva tem 8 − pg pontos singulares de multiplicidade 4 e outro de
tipo (4, 4), a fibra e´ tangente a` curva no ponto (4, 4).
• Se t = 4, temos um feixe de ge´nero 2 e na Proposic¸a˜o 3.4.3 vemos as diferentes
possibilidades para as singularidades da ramificac¸a˜o.
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A segunda parte da tese trata das superf´ıcies tendo um conjunto par de cur-
vas racionais. Dada uma superf´ıcie racional X, um conjunto disjunto de ν curvas
racionais na˜o singulares N1, . . . , Nν chama-se um conjunto par se existe L ∈ Pic(X)
tal que 2L ≡ N1 + · · · + Nν . A questa˜o do nu´mero de nodos, ou de forma equiva-
lente de curvas (−2), numa superf´ıcie alge´brica e´ ja´ antiga. Nesta tese estudamos
conjuntos pares de curvas N1, . . . , Nν onde cada Ni e´ uma curva (−4) (i.e. uma
curva racional na˜o singular com auto-intersecc¸a˜o −4) numa superf´ıcie racional. O
interesse neste problema surgiu porque quer´ıamos saber o que poderia acontecer com
outras singularidades quocientes, visto que em [DMP] o caso nodal estava ja´ bem
classificado. Prova´mos que, contrariamente ao que acontece com as curvas (−2)
(ver [DMP]), o nu´mero de curvas de um conjunto par de curvas (−4) e´ limitado.
Mais em concreto, demonstra´mos que o nu´mero ma´ximo destas curvas num con-
junto par e´ 12. Para esta demonstrac¸a˜o usamos as propriedades da superf´ıcie obtida
como revestimento duplo de X ramificado no conjunto par de curvas. Para o caso
dos conjuntos pares de curvas (−2) contidas numa superf´ıcie racional, tal cobertura
dupla e´ de novo uma superf´ıcie racional ([DMP]). No entanto, a cobertura dupla
duma superf´ıcie racional com ramificac¸a˜o num conjunto par de curvas racionais (−4)
tem sempre dimensa˜o de Kodaira ≥ 0. Caracterizamos tambe´m os conjuntos pares
de curvas racionais (−4), cuja cobertura dupla tem dimensa˜o de Kodaira 0 ou 1.
Demonstramos que os conjuntos pares de curvas (−4) numa superf´ıcie racional, cuja
correspondente cobertura dupla tem dimensa˜o de Kodaira 0 ou 1, sa˜o componentes
de fibras duma fibrac¸a˜o el´ıptica. Em particular:
• se a dimensa˜o de Kodaira e´ 0, enta˜o a cobertura dupla e´ uma superf´ıcie K3 e
o nu´mero ma´ximo de curvas (−4) e´ 10 (Proposic¸a˜o 4.3.1);
• se a dimensa˜o de Kodaira e´ 1, enta˜o o nu´mero ma´ximo de curvas (−4) e´ 12
(Teorema 4.4.1);
• se a dimensa˜o de Kodaira e´ 2, enta˜o o nu´mero ma´ximo de curvas (−4) e´ 9
(Proposic¸a˜o 4.5.1).
O resultado relativo a`s superf´ıcies de tipo K3 tinha tambe´m ja´ sido demons-
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trado por Zhang em [Za], num outro contexto. Zhang classificou os quocientes de
superf´ıcies K3 modulo involuc¸o˜es e da sua lista de possibilidades para o divisor
de ramificac¸a˜o tambe´m se obtem que o nu´mero ma´ximo de curvas e´ 10. Nesta
tese apresentamos uma demonstac¸a˜o alternativa e damos uma lista de exemplos que
mostra que neste caso ha´ conjuntos pares de curvas (−4) com ν = 1, ..., 10 elementos.
No caso da dimensa˜o de Kodaira 1, tambe´m analisamos as fibrac¸o˜es el´ıpticas e as
fibras singulares que conteˆm as curvas (−4). Por u´ltimo, se a dimensa˜o de Kodaira
e´ 2 na˜o obtivemos nenhum exemplo, a` diferenc¸a dos outros casos. No entanto demos
va´rias propriedades, e a nossa conjectura e´ de que este caso na˜o ocorre.
A tese esta´ organizada como se segue.
O Cap´ıtulo 1 apresenta va´rios resultados, a maior parte ja´ conhecidos, que sera˜o
usados no que se segue.
O Cap´ıtulo 2 estuda propriedades das superf´ıcies de tipo geral que teˆm uma
involuc¸a˜o. Comec¸amos na Secc¸a˜o 2.1 com uma revisa˜o das fo´rmulas das coberturas
duplas e introduzimos va´rios factos gerais, alguns dos quais ja´ constantes na litera-
tura. Na Secc¸a˜o 2.2, centramo-nos no estudo das superf´ıcies regulares de tipo geral
com K2 ≥ 2pg and pg ≥ 5 cuja imagem cano´nica e´ racional. Analisando va´rios
divisores associados ao divisor de ramificac¸a˜o, estabelecemos diversas propriedades.
Em particular no Teorema 2.2.21 obtemos alguns dos resultados de Xiao and Reid.
Acabamos o cap´ıtulo com va´rios comenta´rios sobre poss´ıveis futuros desenvolvimen-
tos.
O Cap´ıtulo 3 trata em detalhe o caso K2 = 2pg e pg ≥ 5. Na Secc¸a˜o 3.1 sa˜o
descritos os poss´ıveis casos para a aplicac¸a˜o cano´nica. Em seguida focamos o caso de
aplicac¸a˜o cano´nica de grau 2. Na Secc¸a˜o 3.2 obtemos que pg ≤ 12 quando a involuc¸a˜o
na˜o tem pontos fixos isolados e descrevemos exactamente a curva de ramificac¸a˜o
(Proposic¸a˜o 3.2.2). Na Secc¸a˜o 3.3 estudamos o caso da involuc¸a˜o cano´nica ter 2
pontos fixos isolados, obtendo-se que pg ≤ 8 e a existeˆncia de duas possibilidades
para a superf´ıcie quociente e para a curva de ramificac¸a˜o (Teorema 3.3.3). Por
u´ltimo, na Secc¸a˜o 3.4, estuda-se o caso em que a involuc¸a˜o cano´nica tem 4 pontos
fixos isolados. Nesta situac¸a˜o, temos um feixe de ge´nero 2 e damos uma descric¸a˜o
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das singularidades do divisor de ramificac¸a˜o na Proposic¸a˜o 3.4.3. Acabamos a secc¸a˜o
com va´rios exemplos.
O Cap´ıtulo 4 analisa as superf´ıcies racionais com um conjunto par de curvas
(−4). Apresentamos os factos gerais na Secc¸a˜o 4.1, definindo tambe´m a cobertura
dupla cuja ramificac¸a˜o e´ o conjunto par de curvas (−4). A dimensa˜o de Kodaira
da cobertura dupla pode ser 0, 1 ou 2. A seguir, na Secc¸a˜o 4.2, estudamos as
superf´ıcies racionais que teˆm uma fibrac¸a˜o el´ıptica que conte´m as curvas (−4) nas
suas fibras. Demonstramos que esta situac¸a˜o acontece se e so´ se a dimensa˜o de
Kodaira e´ menor ou igual que 1. Na Secc¸a˜o 4.3 provamos a Proposic¸a˜o 4.3.1 e
damos va´rias propriedades e exemplos. O caso el´ıptico, ou seja o caso em que
a dimensa˜o de Kodaira da cobertura dupla e´ igual a 1, ocupa a Secc¸a˜o 4.4 onde
provamos que o nu´mero de curvas (−4) e´ menor ou igual que 12 no Teorema 4.4.1.
Tambe´m estabelecemos va´rias propriedades que ajudam a` construc¸a˜o de exemplos.
No fim desta secc¸a˜o, de forma breve, analisamos o caso dos conjuntos pares de curvas
(−4α). Para este caso, se a dimensa˜o de Kodaira for 1 mostra-se que o nu´mero de
curvas (−4α) e´ menor ou igual que 4. Na Secc¸a˜o 4.5 estudamos va´rias propriedades
do caso em que a cobertura dupla e´ uma superf´ıcie de tipo geral (Proposic¸a˜o 4.5.1).
Por u´ltimo no Apeˆndice mostramos como usar Magma na construc¸a˜o de exemplos
das Secc¸o˜es 3.5 e 4.4.
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Introduction
This thesis examines two problems: surfaces of general type whose canonical map
factors through an involution and rational surfaces with an even set of (−4)-curves.
An important tool for the study of both problems will be the properties of double
covers (or equivalently of involutions).
Noether’s well known inequality states that a minimal surface of general type
satisfies K2 ≥ 2pg − 4. Surfaces with K2 < 2pg are always regular and have been
studied by several authors. Horikawa classified surfaces with K2 = 2pg − 2, 2pg − 3
and 2pg − 4. Some aspects of surfaces with K2 = 2pg − 1 have been studied by
other authors. Besides, Horikawa, in [Ho5], also classified irregular surfaces with
K2 = 2χ = 2pg − 2q + 2: these surfaces satisfy q = 1 and the Albanese pencil is of
genus 2.
The study of the canonical map of a surface S (i.e., the rational map associated
to |KS |) is an essential tool in the theory of surfaces of general type and as far as
we know, it was first studied systematically by Beauville in [Be2]. The image of the
canonical map may be a curve or a surface. If it is a curve one says that |KS | is
composed with a pencil. If it is a surface, then pg ≥ 3 and the canonical map is
generically finite of degree d. When the degree d is 2 there is an associated involution
in S. This is the case for a large class of surfaces. In particular, by Castelnuovo’s
theorem a minimal surface of general type S that satisfiesK2S < 3pg−7 has canonical
map of degree 2 onto a ruled surface (cf. [Be2]) and thus a hyperelliptic pencil in S
induced by the canonical map and the ruling of its image.
The motivation for the first part of the thesis was to try to understand better the
structure of regular surfaces with K2 ≥ 2pg and pg ≥ 5 whose canonical map factors
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through an involution onto a rational surface. With this in mind we reprove some of
the results of Xiao Gang [Xi] and M. Reid [Re1] about hyperelliptic pencils of small
genus. The main ingredient here is to understand the behaviour of some divisors
defining the double cover and their successive adjoints. Our approach is somewhat
similar to the one used by Reid [Re1], although it does not use the Minimal Model
Program. The use of extra geometric arguments allowed us to refine some of the
results.
The main result obtained here is:
Theorem 2.2.21: Let S be a minimal regular surface of general type with pg ≥ 13
and K2S ≥ 2pg, whose canonical map is of degree 2 onto a rational surface. Let also
t be the number of isolated fixed points of the canonical involution. Then:
• if K2S < 83pg − 8 + t, S has a pencil of genus 2 and t = K2S − 2pg + 4;
• if K2S < 3pg − 13, S has either a genus 2 pencil or an hyperelliptic pencil of
genus 3;
• if K2S = 3pg − 13 and S has no genus 2 pencil and no hyperelliptic pencil
of genus 3, then either pg(S) = 15, K2S = 32 and S is a double cover of P2
branched on a curve of degree 14 with at most nonessential singularities or
K2S = 50, pg = 21 and S is a double cover of P2 branched on a curve of degree
16 with at most nonessential singularities.
Furthermore, if the canonical involution has t ≥ 2 isolated fixed points, then:
• if K2S < 3pg − 12 + t, S has either a genus 2 pencil or an hyperelliptic pencil
of genus 3.
Comparing these results with those obtained by [Xi] and [Re1], Theorem 2.2.21
presents a slightly bigger precision in some cases.
This part, as indicated at the end of chapter 2, has options for further develop-
ment. Indeed, with the same methods it would be possible to continue to obtain
and refine the other inequalities of [Xi] and [Re1].
Next we focus on the specific case of regular surfaces with K2 = 2pg and pg ≥ 5.
The case pg = 4 is not considered because this is the object of study of [BaP]. Let
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us point out that with our methods we could also recover the classification of [BaP].
We start with an overview of the case. From the results of [Ho3] the canonical map
is not composed with a pencil. Also, by [MP], the canonical map has degree ≤ 2. If
the canonical map is birational, then pg ≤ 7, and we refer to [AK], [M] for pg = 7; to
[Ko] for pg = 6; to [Ci] for pg = 5 and |KS | without base points. Our main concern
is when the canonical map has degree 2, in which case the canonical image is always
a rational surface. In this case the number t of isolated fixed points of the involution
is 0, 2 or 4. The main results obtained are:
• Proposition 3.2.2: If t = 0, then pg ≤ 12 and S is the minimal resolution of
a double cover of Fr, r ≤ 3, branched in a curve in |8C0 + 2(5 + 2r)f | having
12− pg singular points of multiplicity 4 as only essential singularities.
• Theorem 3.3.3: If t = 2, then pg ≤ 8 and one of the following occurs:
(i) S is the minimal resolution of a double cover of a weak Del Pezzo surface
T of degree pg + 1 branched in an effective divisor in | − 4KT | having
exactly two (3,3)-points as essential singularities.
(ii) S is the minimal resolution of a double cover of Fr, r ≤ 2, whose branch
curve is the union of a curve in |8C0+(9+4r)f)| with a fibre. The curve
has 8− pg singular points of multiplicity 4 and another of type (4, 4) and
the fibre is tangent to the curve at the (4, 4)-point.
• If t = 4, we have a pencil of genus 2 and in Proposition 3.4.3 we see the
different possibilities for the branch singularities.
The second part of this thesis is dedicated to the study of rational surfaces with
an even set of rational curves. More precisely, given a smooth surface X, a set of
ν disjoint smooth rational curves N1, . . . , Nν is called an even set if there exists
L ∈ Pic(X) such that 2L ≡ N1+ · · ·+Nν . The question of the number of nodes, or
equivalently (−2)-curves, on an algebraic surface is a very old one. In this thesis we
study even sets of curves N1, . . . , Nν where each Ni is a (−4)-curve (i.e. a smooth
3
rational curve with self-intersection −4) on rational surfaces. Our interest in this
question arose because we wanted to know what could happen with other quotient
singularities since in [DMP] the nodal case was quite well understood. We prove
that, contrarily to what happens for even sets of (−2)-curves ([DMP]), the number
of curves in an even set of (−4)-curves is bounded. More precisely we show that the
maximal number of curves in such a set is 12.
Our main tool here is the double cover associated to the even set of curves.
Indeed, given an even set of smooth rational curves one can consider the double
cover branched on these curves. For even sets of (−2)-curves on rational surfaces,
such a double cover is again a rational surface ([DMP]). In contrast again, the double
cover of a rational surface branched on an even set of (−4)-curves has always Kodaira
dimension bigger or equal to 0. We characterize completely the even sets of (−4)-
curves on rational surfaces, such that the corresponding double cover has Kodaira
dimension 0 or 1. More precisely we show that any even set of (−4)-curves on a
rational surface, whose corresponding double cover has Kodaira dimension 0 or 1,
are components of fibres of a not relatively minimal elliptic fibration. In particular:
• if the Kodaira dimension is 0, then the double cover is a K3 surface and the
maximal number of (−4)-curves is 10 (Proposition 4.3.1);
• if the Kodaira dimension is 1, then the maximal number of (−4)-curves is 12
(Theorem 4.4.1);
• if the Kodaira dimension is 2, then the maximal number of (−4)-curves is 9
(Proposition 4.5.1).
The first result, the K3 case, in another context, has already been proved by
Zhang in [Za]. With the approach top-down, Zhang classified the quotients of K3
surfaces modulo involutions. We present here another proof and we give a list of
examples which shows that there are even sets of (−4)-curves with ν = 1, ..., 10
elements. In the case for Kodaira dimension 1, we also analyse the elliptic fibration
and the fibres containing the (−4)-curves. Finally, if the Kodaira dimension is 2 we
do not know any examples, as in the other cases. We give some properties of this
case but we conjecture it does not occur.
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This thesis is organized as follows.
Chapter 1 states some results that are used throughout the thesis.
Chapter 2 is devoted to the study of surfaces of general type with an involution.
We start Section 2.1 with a review of the formulas for double covers and introducing
several general facts, some of them already present in the literature. In Section 2.2,
we focus on regular surfaces of general type whose canonical image is rational and
such that K2 ≥ 2pg and pg ≥ 5. Taking several divisors associated to the branch
locus we establish some properties. In particular, in Theorem 2.2.21 we obtain some
results similar to those obtained by Xiao and Reid. We finish leaving some ideas for
future research.
Chapter 3 studies in detail the case K2 = 2pg and pg ≥ 5. Section 3.1 gives
an overview for all the possibilities of the canonical map. We focus on the case of
canonical map of degree 2. In Section 3.2 we obtain that pg ≤ 12 when the involu-
tion associated to the canonical map has no isolated fixed points and we describe the
branch curve in Proposition 3.2.2. In Section 3.3 we study the case when the involu-
tion has 2 isolated fixed points, obtaining that pg ≤ 8 and two different possibilities
(Theorem 3.3.3). Finally, in Section 3.4, we study the case when the involution
has 4 isolated fixed points. In this case the surface has a genus 2 pencil and we
give a description of the branch singularities in Proposition 3.4.3. We describe the
correspondence between singular fibres and base points of |KS |. Finally this section
ends with several examples.
Chapter 4 studies rational surfaces with an even set of (−4)-curves. The general
facts are presented in Section 4.1, where we also define the double cover whose
branch curve is the union of the (−4)-curves. The Kodaira dimension of the double
cover can be 0, 1 or 2. Next, in Section 4.2, we deal with rational surfaces having an
elliptic fibration containing the (−4)-curves. We show that this case occurs if and
only if the Kodaira dimension is less than or equal to 1. In Section 4.3 we prove
Proposition 4.3.1 and we give some properties and examples for all the possible
numbers of the (−4)-curves. The elliptic case with Kodaira dimension 1 is treated
in Section 4.4. We prove that the number of (−4)-curves is less than or equal to
5
12 in Theorem 4.4.1. We also establish some properties that enable us to construct
examples. To end this section we briefly analyse even sets of disjoint (−4α)-curves,
for α > 1. We see that if the double cover has Kodaira dimension 1, then the number
of (−4α)-curves is less than or equal to 4. In Section 4.5 we give some properties
when the double cover is a surface of general type (Proposition 4.5.1), establishing
in particular a bound for the number of (−4)-curves also in that case.
Finally the Appendix shows how to use Magma to find examples of Sections 3.5
and 4.4.
6
Notation and conventions
All varieties are projective over the complex numbers. The n-dimensional projective
space is denoted by Pn. Let S be a complex projective surface, as usual OS is the
structure sheaf. We set:
H i(S,OS(D)) = H i(S,D): the ith cohomology group of a sheaf OS(D);
hi(D) = dimCH i(D);
KS : the canonical class of S;
pg(S) := h0(S,KS): the geometric genus of S;
q(S) := h1(S,KS): the irregularity of S; if q(S) = 0 the surface is called regular;
Kod(S) = κ(S): the Kodaira dimension of S;
X (OS(D)): the Euler characteristic of sheaf OS(D) on S;
Pic(S): the Picard group of S;
|D|: the set of effective divisors linearly equivalent to D.
As usual Fr denotes the rational surface P(OP1 ⊕ OP1(r)). The section with
minimal intersection −r is denoted by C0 and the fibre is denoted by f .
We do not distinguish between line bundles and divisors on a smooth variety.
Linear equivalence is denoted by ≡ and numerical equivalence by ∼.
A node is an ordinary singularity of order 2 and a nodal curve is a (−2)-curve. In
general, a (−r)-curve on a surface is a smooth irreducible rational curve with self-
intersection −r. A (m1,m2, . . .)-point is a point of multiplicity m1, which resolves
to a point of multiplicity m2 after one blow-up, etc.
The surface S is a double cover of the surface X if there is a finite degree 2
morphism S → X.
An involution of a surface S is an automorphism of S of order 2. We say that a
curve singularity is nonessential if it is either a double point or a triple point which
resolves to at most a double point after one blow-up. We say that a map is composed
with an involution i of S if it factors through the double cover S → S/i.
The remaining notation is standard in algebraic geometry.
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Chapter 1
Preliminaries
Here we state some results and facts that are used throughout the thesis. For all
the results used and not mentioned below we refer to [BPV].
1.1 Intersection numbers
Proposition 1.1.1 ([Re2], pg. 34) If D1, D2 ≥ 0 are effective divisors on a smooth
surface S and D1D2 < 0 then D1 and D2 have at least one common component C
such that C2 < 0.
Note that in particular if C is an irreducible curve intersecting negatively a
nonzero effective divisor D, then C2 < 0 and C is a component of D.
1.2 Disjoint (−2)-curves on a surface
Lemma 1.2.1 Let A1, ...At be a set of t disjoint irreducible (−2)-curves on a smooth
rational surface W . Then t ≤ 9 −K2W and if equality holds then either t = 0 and
W = P2 or t = 1 and W = F2. Furthermore, if t ≥ 2 and t = 8−K2W , then K2W is
even, and if, in addition, t ≡ 0(mod 4) then ∑t1Ai is divisible by 2 in Pic(W ).
Proof: This statement is part of the contents of [DMP] (see Theorem 3.3, Remark
3 and Example 1).
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Proposition 1.2.2 ([Mi2]) The number t of disjoint irreducible (−2)-curves on a
smooth surface T with KT nef satisfies 3c2(T )−K2T ≥ 92 t.
1.3 Nef and k−connected divisors
Let X be a nonsingular surface, by definition, a divisor D is nef if and only if
DC ≥ 0 for all curves C ⊂ X, so that D(∑niCi) ≥ 0 for all effective divisors∑
niCi with ni ≥ 0. It can be proved also that if D is nef, then D2 ≥ 0 (see [Re2],
pg. 70).
Let k ∈ Z (usually with k ≥ 0). An effective divisor D is numerically k-connected
if D1D2 ≥ k for every effective decomposition D = D1 +D2 with D1, D2 > 0.
LetD be a nef and big divisor. Then any effective divisor D¯ in |D| is 1-connected,
by [Ml], and for any decomposition D¯ = D1+D2 with D1, D2 > 0 one has D¯Di ≤ D¯2
and D2i < D¯
2. In particular if D is effective, nef and big and we write |D| = |M |+F ,
with |M | the mobile part of |D| and F the fixed part, then M2 ≤ D2 and if equality
holds F = 0.
1.4 Linear systems
Let X be a nonsingular surface and let D be a divisor. If h0(D) ≥ 2, the linear
system |D| defines a rational map φD : X 99K Ph0(D)−1. The image Σ of φD may be
a curve or a surface.
If Σ is a curve, one says that that |D| is composed with a pencil and we refer to
[Be2] for a description of this situation.
If Σ is a surface the rational map φD is generically finite of degree d. If |M |
is the mobile part of |D|, then a general curve M in |M | is irreducible and M2 ≥
d deg (Σ) with equality if and only if |M | is without base points. Besides, since Σ is
a nondegenerate surface in Ph0(D)−1, deg Σ ≥ h0(D)− 2 and if Σ is not ruled then
deg Σ ≥ 2h0(D) − 4 (see [Be2]). In particular, by Section 1.3, if D is a nef divisor
such that φD maps S to a surface in Ph
0(D)−1 and |M | is the mobile part of D we
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have
D2 ≥M2 ≥ h0(D)− 2.
Note that the first inequality is an equality if and only if |D| has no fixed part.
If the second inequality is an equality then |M | is base point free and q(Σ) = 0.
We want to recall also:
Theorem 1.4.1 ([Ho3]) Let S be a minimal algebraic surface of general type with
pg ≥ 5 and q = 0. If K2S ≤ 4pg − 7 , then |KS | is not composed with a pencil.
1.5 Vanishing theorems
Lemma 1.5.1 ([Re2], Lemma 3.11) Let X be a nonsingular projective surface and
D an effective divisor.
(i) D nef and D2 > 0 imply that D is numerically 1-connected.
(ii) D numerically 1-connected implies that h0(OD) = 1.
Also,
Theorem 1.5.2 ([Re2], Theorem 3.13) Let X be a nonsingular projective surface
and D an effective divisor. If D is nef and big, then hi(OX(−D)) = 0 for i = 0, 1.
Note in particular by the Riemann-Roch theorem and duality we obtain
h0(X,KX +D) = pa(D)− 1 + χ(OX),
for an effective, nef and big divisor D.
1.6 Algebraic Index theorem
The Algebraic Index theorem or Index theorem (see [BPV]) and corollaries are used
in several forms throughout the thesis. The main corollary used is:
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Corollary 1.6.1 ([Re2]) If D1, D2 are divisors on a smooth surface such that
(λD1 + µD2)2 > 0 for some λ, µ ∈ Q, then
D21.D
2
2 − (D1D2)2 ≤ 0
which equality if and only if there exist α, β ∈ Q such that αA is numerically equiv-
alent to βB.
Some of the forms in which we will use the Index theorem are:
Corollary 1.6.2 If D,C are divisors such that D2 > 0 and C is an effective nonzero
divisor, then DC = 0 implies C2 < 0.
Corollary 1.6.3 Let D be a nef and big divisor with D2 ≥ α > 0 and let F be a
divisor such that FD ≤ β, then F 2 ≤ β2α .
1.7 Some properties
Lemma 1.7.1 Let M be a nef divisor on a rational surface such that M2 = 0 and
KM = −2r < 0. Then |M | = |rF |, where |F | is a base point free pencil of curves
of genus 0.
Proof: By the Riemann-Roch theorem, h0(M) ≥ r + 1.
Write |M | = |m|+f , where f is the fixed part and |m| is the moving part. Since,
by hypothesis, M is nef and m, being the moving part of |M | is nef,
0 =M2 ≥Mm = m2 + fm ≥ fm ≥ 0.
So m2 = fm = f2 = 0.
Next, note that m is composed with a pencil because m2 = 0. Hence, m = aF
with h0(m) = a+1 ≥ r+1. Since fm = 0, fF = 0 and either f = 0 or so by Zariski’s
lemma (see [BPV]) f = bF , with b a positive rational number. From KM = −2r,
we conclude that KF < 0 and so, by adjunction, KF = −2 and Km ≥ KM . Since
−2a = Km ≤ KM = −2r, f must be zero and a = r, i.e. h0(m) = r + 1.
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Lemma 1.7.2 Let F be a base point free pencil on a rational surface T . If the
genus of a general curve in |F | is ≥ 1, then K2T ≤ 0. Furthermore if K2T = 0, then
g(F ) = 1.
Proof: Note that F 2 = 0. If K2T ≥ 0 then, by the Riemann-Roch theorem
h0(T,−KT ) ≥ 1. Since F is nef, F (−KT ) ≥ 0 and thus, by the adjunction for-
mula g(F ) ≤ 1.
Suppose K2T > 0 and g(F ) = 1. Then −KTF = 0, F 2 = 0 and F effective gives
a contradiction to the Index theorem.
13
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Chapter 2
Involutions on surfaces
2.1 General facts on involutions
We are going to study surfaces such that the canonical map factors through an
involution. So, first, we recall some standard results and fix some notation (cf. e.g.
[Ri1], [CCiM]). We denote by S a minimal surface of general type.
Given an involution i on S, its fixed locus is the union of a smooth curve R
(possibly empty) and of t ≥ 0 isolated points P1, ..., Pt. Let pi′ : S → S/i be
the quotient map and set B′′ := pi′(R). The surface S/i is normal and Q1 :=
pi′(P1), ..., Qt := pi′(Pt) are ordinary double points, which are the only singularities
of S/i. Resolving its singularities we get a commutative diagram
V
h−−−−→ S
pi
y ypi′
W
g−−−−→ S/i
(2.1)
where g is the minimal desingularization map and h is the blow up of S at P1, ..., Pt.
Setting B := g∗(B′′), pi is a double cover whose branch locus B′ is given by:
2L ≡ B′ := B +
t∑
1
Ai.
Notice that the curves Ai := g−1(Qi) are (−2)-curves.
We recall the well known formulas (cf. [BPV], Chapter V, Section 22):
K2S − t = K2V = 2(KW + L)2, (2.2)
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X (OS) = X (OV ) = 2X (OW ) + 12L(KW + L). (2.3)
Since pi∗(2KW + B) = h∗(2KS) and S is a minimal surface of general type,
2KW +B is a nef and big divisor and (see [CCiM], [MP2], also ([Ri1])):
(2KW +B)2 = 2K2S , (2.4)
KW (KW + L) =
1
2
KW (2KW +B) =
1
2
(K2S − t)− 2X (OS) + 4X (OW ), (2.5)
h1(2KW + L) = h2(2KW + L) = 0, (2.6)
t = K2S + 6X (OW )− 2X (OS)− 2h0(W,OW (2KW + L)). (2.7)
Also the fact that 2KW+B is such that pi∗(2KW+B) = h∗(2KS), has interesting
consequences for the intersection of 2KW + B with certain divisors on W . In fact,
for any divisor D on W , 2(2KW +B)D = pi∗(2KW +B)pi∗(D) and therefore
(2KW +B)D = h∗(KS)pi∗(D).
Notice that, since h : V → S is simply the blow-up of the isolated fixed points
of the involution, any effective divisor on V not meeting the exceptional divisor of h
is the pull-back via h of an effective divisor on S and has the same self-intersection.
Furthermore for any effective divisor E on V we will have always h∗(E)2 ≥ E2. We
want also to recall that for any divisor D on W , pi∗(D)2 = 2D2.
Notice also that any divisor such that F (2KW + B) is odd, also has odd inter-
section with
∑t
1Ai, because of the divisibility of B +
∑t
1Ai.
In particular if F is an irreducible curve onW such that F 2 = 0 and F (2KW+B)
is an odd number, then F must meet at least one of of the (−2)-curves Ai and the
corresponding divisor on S will have positive self-intersection.
Most of the following proposition appears already in [CCiM] but we reproduce
its proof because it illustrates the considerations above:
Lemma 2.1.1 If C is an effective nonzero divisor onW such that C(2KW+B) = 0,
then C2 < 0. Moreover, if C2 = −1 then CAi = 0, for i = 1, ..., t.
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Proof: The first part of the lemma is obvious by the Index theorem (see Section
1.6), because 2KW +B is big and C is an effective nonzero divisor.
For the second part, note that we can apply the first part of the statement to
the effective divisor C + Ai, for each i = 1, . . . , t, obtaining (C + Ai)2 < 0. Since
C2 = −1 and A2i = −2 we conclude that CAi ≤ 1. In the same way, if CAi < 0, Ai
is a component of C. Thus the effective divisor C − Ai must satisfy (C − Ai)2 < 0
and this implies CAi ≥ −1. Now, since C(B+
∑t
1Ai) is even and C(2KW +B) = 0,
also C(
∑t
1Ai) is even. Thus if the intersection of C with one of the curves, say A1,
is nonzero, the intersection of C with one of the other (−2)−curves in the branch
locus, say A2, must also be non zero.
Suppose then that the second part of the lemma does not hold. If CA1 =
CA2 = 1, then A = 2C + A1 + A2 would satisfy A2 = 0 and A(2KW + B) = 0, a
contradiction. In the same way, if CA1 = −1, and CA2 = 1, Ai is a component of
C and considering the effective nonzero divisor 2C −A1 +A2 one obtains the same
contradiction. Finally if CA1 = CA2 = −1, one obtains again a contradiction using
the effective nonzero divisor 2C −A1 −A2.
In a similar vein:
Lemma 2.1.2 Suppose K2S ≥ d2+1, with d ∈ N. Given any linear system |F | (i.e.
if h0(F ) ≥ 2) without base components and verifying F (2KW + B) = a ≤ d, then
F 2 = 0, FAi = 0, for each i = 1, ..., t and a is even, ≥ 2. In addition, if a = 2,
h0(KW + L) ≥ 2 and |KW + L| is not composed with |F |, then the general curve
F ∈ |F | is smooth rational and |F | corresponds to a rational base point free pencil
of curves of genus 2 on S.
Proof: Note that because (2KW +B) is nef and big and F moves in a linear system,
a > 0.
Since K2S ≥ d2 + 1, (2KW + B)2 ≥ 2d2 + 2 and so by the Index theorem (see
1.6), F 2 ≤ 0. On the other hand, since |F | has no base components, F 2 ≥ 0. Thus
F 2 = 0.
Since F is nef by hypothesis, FAi ≥ 0, for all i. Suppose that FAi ≥ 1 for some
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i. Then (2F +Ai)2 ≥ 2 and so (2KW +B)(2F +Ai) = 2a ≤ 2d gives a contradiction
to the Index Theorem.
Thus FAi = 0 for all i. Since F (2KW + B +
∑t
1Ai) is an even number we see
that a is even.
Suppose that a = 2. Then F (|KW + L|) = 1 and so, if h0(KW + L) ≥ 2 and
|KW + L| is not composed with |F | the intersection of F with the moving part of
|KW + L| is 1. This implies immediately that a general member of F is a smooth
rational curve. Since the general curve of F is disjoint from
∑t
1Ai and F
2 = 0, then
pi∗(|F |) will be equal to h∗(|G|), where KSG = 2 and G2 = 0. So G is a pencil of
curves of genus 2.
Corollary 2.1.3 Suppose K2S ≥ 2. Then any effective divisor C such that C(2KW+
B) = 1 satisfies h0(C) = 1 and C2 < 0.
Proof: By the previous lemma it is clear that C cannot move in a linear system.
Using the Index theorem, we have necessarily that C2 ≤ 0 and note that
C(
∑t
1Ai) is an odd number.
Assume that C2 = 0. As in the previous proof, by considering the divisor
2C+Ai and applying the Index theorem, we see that CAi ≤ 0, for i = 1, ..., t. Then
C(
∑t
1Ai) being an odd number means that there is Ai such that AiC < 0 and thus
Ai is a component of C. But then the divisor 2C − Ai is an effective divisor with
self-intersection bigger than 1 and such that (2KW + B)(2C − Ai) = 2, which is
again a contradiction to the Index theorem.
It will be important on what follows to study the divisor 3KW +B. This divisor
is not necessarily nef but, as shown in Proposition 3.9 of [CCiM], it is possible to
assume it is nef.
More precisely, from this proposition and its proof we obtain:
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Proposition 2.1.4 ([CCiM]) Suppose h0(3KW +B) 6= 0. There exists a birational
morphism f :W → P where P is a smooth surface and an effective divisor B¯ on P
with the following properties:
• there are t (−2)-curves Ci on P such that f∗(Ci) = Ai, i = 1, ..., t and B¯ is
disjoint from the union of the curves Ci;
• there is L¯ in Pic (P ) such that B¯ +∑t1Ci = 2L¯ and f∗(KP + L¯) = KW + L;
• the double cover V¯ of P defined by B¯ +∑t1Ci = 2L¯ is a surface with at most
Du Val singularities and such that V is the minimal desingularization of V¯ ;
• f∗(2KP + B¯) = 2KW +B;
• 3KP + B¯ is nef.
Proof:
All the above follows easily from the statement and the proof of Proposition 3.9
of [CCiM]. We remark that although Proposition 3.9 of [CCiM] is stated for surfaces
S with pg = 0, the proof is valid for any double cover as above.
We give here just a sketch of the proof. If 3KW + B is nef, there is nothing to
prove. Otherwise, since 3KW +B is effective so there is an irreducible curve E1 such
that E1(3KW +B) < 0 and so E21 < 0 (see Section 1.1). Using that 2KW +B is nef
we conclude that E1 is a (−1)-curve and E1(2KW +B) = 0. Then EB = 2 and by
Lemma 2.1.1, we have that E, not having common components with
∑t
1Ai, satisfies
E1(
∑t
1Ai) = 0. Let f1 : W → P1 be the contraction of E1 to a point p1, where
B = f∗1 (BP1) − 2E1. Then on P1 we have t (−2)-curves A1i such that f∗(A1i ) = Ai
and a nef divisor 2KP1 + BP1 on it such that f
∗(2KP1 + BP1) = 2KW + B. If
3KP1 + BP1 is not nef, we can repeat the procedure and obtain P and B¯ with the
properties above.
Remark 2.1.5 It is easily seen that the formulas and properties given above will
still hold if we substitute W with P , B with B¯ and L with L¯. Note also that, for
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m ≥ 3, mKW +B = f∗(mKP + B¯)+(m−2)E, where E is the exceptional divisor of
f . Hence |mKW+B| = f∗(|mKP+B¯|)+(m−2)E and thus in particular |mKW+B|
is composed with a pencil if and only if |mKP + B¯| is.
Remark 2.1.6 In the case where the involution i has no isolated fixed points and
H0(W, 2KW +L) 6= 0, we notice that also 2KP + L¯ will be nef. In fact in that case,
V = S and pi∗(KW + L) = KS , yielding in particular that KW + L is nef and thus
also KP + L¯ is nef. Suppose that 2KP + L¯ is not nef. Then any irreducible curve
E such that (2KP + L¯)E < 0 must satisfy E2 < 0, by Section 1.1, and KPE < 0,
and thus it is a (−1)-curve such that E(KP + L¯) = 0. Hence E(3KP + B¯) < 0,
contradicting the construction of P as above.
We will be specially interested in the cases where the surface S has canonical
map composed with an involution. The following proposition is well known but for
completeness sake we include its proof. We keep the notation introduced above.
Proposition 2.1.7 Let S be a minimal surface of general type with pg ≥ 1 such
that the canonical map of S factors through an involution i. Then either:
(i) pg(S/i) = 0, and the isolated fixed points of the involution are in the base locus
of |KS |; or
(ii) pg(S/i) = pg(S), R is contained in the fixed part of |KS |. In particular, if
|KS | has no fixed part, p : S → S/i is branched only in the t nodes of S/i and
2K2W = K
2
S.
Proof: We start by noticing that since the canonical map factors through an in-
volution i, either pg(S/i) = 0, or pg(S/i) = pg(S) by the projection formulas (see
[BPV]).
Suppose that pg(S/i) = 0 and t > 0. Since
(KW + L)Ai = −1
and pg(S) = h0(KW + L) > 0, we can write
KW + L =M +A1 + ...+At,
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where A1 + ...+At is contained in the fixed part of |KW +L| and M is an effective
divisor with h0(M) = pg(S). Also,
KV = pi∗(KW + L) = pi∗M + 2E1 + ...+ 2Et,
together with KV = h∗KS + E1 + ...+ Et, imply that
h∗KS = pi∗M + E1 + ...+ Et.
Then we obtain pg(S) = h0(KS) ≥ h0(pi∗M) ≥ h0(M) = pg(S), and this proves (i).
Assume now that pg(S/i) = pg(S). Denote by R′ the ramification divisor of pi.
Since KV = pi∗KW +R′ we have
|KV | ≥ |pi∗KW | ≥ pi∗|KW |.
The assumption h0(KV ) = h0(KW ) implies then that R′ = h∗(R) + E1 + ...+ Et is
in the fixed part of |KV |. On the other hand, KV = h∗KS +E1 + ...+Et and so R
is contained in the fixed part of |KS | as required.
If |KS | has no fixed part, we have that R =
∑t
1Ei, this is, p is branched only in
the t nodes of S/i and easy calculations give us that 2K2W = K
2
S .
By the above proposition |KS | will have base points whenever the involution is
such that pg(S/i) = 0 and has isolated fixed points.
We have a partial converse to this:
Proposition 2.1.8 Let S be a minimal surface of general type with pg(S) ≥ 5,
q(S) = 0 and K2S = 2pg + 2,  ≤ pg − 4. If the canonical image of S is a surface
and φKS is composed with an involution i such that pg(S/i) = 0, then the canonical
system |KS | has no base points if and only if t = 0.
Proof:
From Proposition 2.1.7, it is sufficient to show that t = 0 implies that |KS | has
no base points.
Notice first that q(S) = 0 implies q(S/i) = 0.
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Assume t = 0. Then, with the notation above, W = S/i and KS = pi∗(KS/i+L).
So KS/i+L is a nef and big divisor and (KS/i+L)2 = pg + . Since pg(S/i) = 0, by
the projection formulas h0(KS/i + L) = pg.
We want to prove that |KS/i +L| has no base points. Let |KS/i +L| = |M |+ f ,
where M is the moving part and f is the fixed part of the linear system. Note
that any effective divisor in KS/i + L is 1-connected, by Section 1.3. Note also
that the general curve in |M | is an irreducible curve, by the hypothesis that KS is
not composed with a pencil. Since q(S/i) = 0, the restriction map H0(S/i,M) →
H0(M,M |M ) is surjective and h0(M,M |M ) = pg−1. FurthermoreM2 ≥ pg−2 (see
Section 1.4).
Assume that f 6= 0. Since KS/i + L is nef and 1-connected, M2 + Mf ≤
(KS/i + L)2 = pg +  and thus, M2 +Mf − pg ≤ . Furthermore M2 < pg +  (see
Section 1.3).
Note that M|M is nonspecial on M . Otherwise, Clifford’s lemma together with
h0(M,M|M ) = pg−1 would meanM2 ≥ 2(pg−2) ≥ pg+. SinceM|M is nonspecial,
by the Riemann-Roch theorem pg − 1 = h0(M,M|M ) = M2 + 1 − pa(M) and thus
pa(M) =M2 + 2− pg.
By (2.7), one has h0(2KS/i+L) = +2. Since by hypothesis +2 < pg = h0(M),
we conclude that h0(2KS/i+L−M) = 0. This implies that h0(M, (2KS/i+L)|M ) ≥
 + 2. Since (2KS/i + L)|M = (KS/i +M + f)|M and fM ≥ 1, by the Riemann-
Roch theorem on M , we obtain + 2 ≤ h0(M, 2KS/i + L)|M ) = pa(M)− 1 +Mf =
M2 + 2− pg − 1 +Mf =M2 +Mf − pg + 1 ≤ + 1, a contradiction.
Thus F = 0. By (2.5), KS/i(KS/i + L) = KS/iM = −pg +  + 2. Since by
hypothesis −pg+ +2 ≤ −2, then M2 ≥ 2pa(M) and thus |M |M | is base point free,
implying that KS/i + L is also.
Lemma 2.1.9 Let S be a surface with K2S = 2pg + 2, with  ≥ 0 and |KS | without
base points. Then (2KS/i + L)2 ≤ (2+2)
2
pg+
.
Proof: From the double cover formulas (KS/i+L)2 = pg+ and (KS/i+L)(2KS/i+
L) = 2+ 2. Hence, the Index theorem, Corollary 1.6.3, gives the result.
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2.2 Involutions with quotient a rational surface
Throughout this section we keep the notation of the previous section. Further-
more we make the following:
Assumption 2.2.1 S is a smooth minimal surface of general type satisfying:
1) q = 0 (i.e. S is regular);
2) the canonical image of S is a surface;
3) S has an involution i such that S/i is a rational surface.
Remark 2.2.2 For any surface as in 2.2.1, we have pg ≥ 3 and by the projection
formulas, the canonical map of S factors necessarily through the involution i.
Remark 2.2.3 We note that, by [Be2], every regular surface satisfyingK2S < 3pg−7
satisfies 2) and 3) of 2.2.1. Also, by Theorem 1.4.1, every minimal regular surface
such that pg ≥ 5 and K2S < 4pg − 6 satisfies 2). Finally, by again [Be2]), every
minimal regular surface such that K2S < 4pg−8 and having canonical map of degree
2, has as canonical image a rational surface and satisfies thus 3).
Let us consider the involution i such that S/i is a rational surface. We will use
the notation introduced in the previous section. In particular, we recall that W
denotes the minimal desingularization of the quotient surface S/i. Recall also that t
is the number of isolated fixed points of the involution i. Furthermore, we will write
K2S = 2pg+2 where  is an integer multiple of
1
2 . Note that, by Noether’s theorem,
 ≥ −2. Also note that if  is not an integer necessarily the canonical system of S
must have fixed points.
Using the notation already introduced and applying the formulas of the previous
section we obtain the following data, where pg := pg(S):
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Proposition 2.2.4 Let S be a surface as in Assumption 2.2.1 and W as above.
Then:
(KW + L)2 = pg + − t2 ;
(KW + 12B)
2 = pg + ;
KW (KW + L) = KW (KW + 12B) = −pg + + 2− t2 ;
h0(2KW + L) = + 2− t2 ;
(2KW + L)2 = K2W − pg + 3+ 4− 32 t;
(2KW +B)2 = 4pg + 4;
(2KW +B)(2KW + L) = 4+ 4− t;
(2KW +B)(3KW +B) = 2pg + 6+ 4− t;
pa(2KW +B) = pg + 3+ 3− t2 ;
pa(3KW +B) = K2W − pg + 5+ 7− 32 t;
(3KW +B)(KW + L) = pg + 3+ 2− t2 ;
(3KW +B)(2KW + L) = K2W − pg + 5+ 6− 32 t;
(3KW +B)2 = K2W + 8+ 8− 2t;
h0(3KW +B) = pa(2KW +B);
if 3KW +B is nef and big then h0(4KW +B) = pa(3KW +B).
Proof: All the equalities above, except the two last, are a direct consequence of
the formulas in the previous section, if we recall that, by assumption, S is regular
and as such satisfies χ(OS) = pg + 1 and that, also by assumption, W is a rational
surface satisfying thus χ(OW ) = 1.
Finally the last equalities come from the Riemann-Roch theorem, Section 1.5
and 2KW +B being nef and big.
Remark 2.2.5 We recall that if P , B¯ and L¯ are as in Proposition 2.1.4, then also
the above formulas and properties hold replacing W by P , B by B¯ and L by L¯.
We now establish some general properties that hold in this situation. Since we
are mainly interested in the case pg ≥ 5, K2S ≥ 2pg, not every proposition has an
optimal statement. We use freely the notation already introduced.
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Proposition 2.2.6 If pg ≥ 3 and h0(2KW+L) 6= 0 then |3KW+B| is not composed
with a pencil. Furthermore if pg ≥ 5, K2S ≥ 2pg, then h0(2KW + L) = 0 if and only
if |3KW +B| is composed with a pencil.
Proof: Denote by M the moving part of |KW + L| and remark that 3KW + B =
(KW +L)+ (2KW +L)−
∑t
1Ai, and
∑t
1Ai contained in the fixed part of KW +L.
Since our assumptions imply that |M | is not composed with a pencil, h0(2KW+L) 6=
0 means that |3KW +B| is not composed with a pencil.
Assume now pg ≥ 5 and  ≥ 0 and suppose that h0(2KW + L) = 0. Then, by
Proposition 2.2.4,  + 2 − t2 = 0 , i.e. t = 2 + 4 and thus, since  ≥ 0, by Lemma
1.2.1, 2+4 ≤ 8−K2P , i.e. K2P +2 ≤ 4. Recall that can consider the linear system
|3KP + B¯| instead of |3KW +B| (see Remark 2.1.5).
Suppose that |3KP + B¯| is not composed with a pencil. Then, since 3KP + B¯ is
nef, by Section 1.4, (3KP + B¯)2 ≥ h0(3KP + B¯)− 2, and thus by Proposition 2.2.4
and t = 2+ 4, we obtain
(3KP + B¯)2 = K2P + 4 ≥ pg + 2− 1,
i.e. K2P + 2 ≥ pg − 1. Hence, from K2P + 2 ≤ 4, we obtain pg ≤ 5.
Suppose pg = 5. Then all the above inequalities are equalities and thus, if
|3KP + B¯| is not composed with a pencil, |3KP + B¯| has no base points and maps
P onto a surface T of degree 4+ 2 in P5+2. By [Na] such a surface is ruled in lines
or it is the Veronese surface in P5.
If T is ruled in lines, P has a pencil of smooth rational curves |F | such that
(2KP + B¯)F = 3. Since K2S = 2pg + 2 ≥ 10, this contradicts Lemma 2.1.2.
If T is the Veronese surface in P5, then  = 0, t = 4 and K2P = 4. By Lemma
1.2.1 the divisor
∑4
1Ci is divisible by 2 in Pic(P ) and therefore also 2KP + B¯ is
divisible by 2 in Pic(P ). Since P , being nonminimal, has (−1)-curves, KP is not
divisible by 2 and thus also 3KP + B¯ is not divisible by 2. This is a contradiction
because 3KP + B¯ being the pull back of an hyperplane section of the Veronese sur-
face is divisible by 2.
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Remark 2.2.7 Looking at the proof above it is clear that if K2S ≤ 9 (so either
pg ≤ 4 or  < 0), h0(2KW + L) = 0 does not imply always |3KW + B| composed
with a pencil. This is the case in the well known nonstandard exceptions to the
birationality of the bicanonical map (cf. [CiFM]).
Proposition 2.2.8 Suppose that pg ≥ 3, K2S ≥ 5. Then the linear system |3KW +
B| is composed with a pencil if and only if (3KP + B¯)2 = 0.
Proof:
Recall that 3KP + B¯ is nef, by the construction of P .
Since h0(3KP + B¯) > 2 and 3KP + B¯ is nef, it is obvious by Sections 1.4 and
1.3 that (3KP + B¯)2 = 0 implies |3KP + B¯| composed with a pencil, and thus
|3KW +B| is composed with a pencil (cf. Remark 2.1.5). Suppose (3KP + B¯)2 > 0
and assume that |3KP + B¯| is composed with a pencil |F |. Then we can write
3KP + B¯ = (pg + 3 + 2 − t/2)F + f , with f the fixed part and a general curve of
|F | irreducible. If f = 0, then of course F 2 > 0 and (3KP + B¯)F ≥ 1. If f 6= 0,
then, since every effective divisor in |3KP +B¯| is 1-connected, we must have Ff ≥ 1.
Thus (3KP + B¯)F ≥ 1. Also (2KP + B¯)(3KP + B¯) = 2pg +6+4− t and 2KP + B¯
nef, imply (2KP + B¯)F ≤ 2. Since, by hypothesis, K2S ≥ 5 and |F | is a pencil, by
Lemma 2.1.2 we conclude that (2KP + B¯)F = 2 and F 2 = 0.
So, by the adjunction formula, KPF is even and furthermore a general curve of
|F | is smooth.
Next, since
1 ≤ (3KP + B¯)F = KPF + (2KP + B¯)F = KPF + 2,
and KPF is even, we conclude that KPF ≥ 0. So the genus of a general curve
of |F | is ≥ 1. On the other hand, let M be the moving part of |KP + L¯|. Since
2M ≤ 2KP + B¯, and F is nef, FM = 1, which is a contradiction, since |M | is not
composed with a pencil, by Assumption 2.2.1.
The above Propositions 2.2.6 and 2.2.8 and their proofs show the following im-
mediate:
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Corollary 2.2.9 Suppose that pg ≥ 5, K2S ≥ 10. Then |3KP + B¯| is composed with
a pencil |F | if and only if (3KP + B¯)2 = 0 and if and only if |F | gives raise to a
genus 2 pencil on S.
Now we will focus on the case h0(2KW + L) 6= 0.
Proposition 2.2.10 Assume pg ≥ 5,  ≥ 0. Suppose that φ2KW+L(W ) is a surface
(so in particular h0(2KW + L) ≥ 3). Then 2 ≥ pg − 4 −K2P and so in particular
K2S ≥ 3pg − 13. Furthermore if we have also that K2S = 3pg − 13, then P ' P2
and either pg(S) = 15, K2S = 32 and S is a double cover of P2 branched on a curve
of degree 14 with at most nonessential singularities or K2S = 50, pg = 21 and S
is a double cover of P2 branched on a curve of degree 16 with at most nonessential
singularities.
In addition, if t ≥ 2 or P 6' F2, t = 1, then K2S ≥ 3pg − 12 + t.
Proof:
Let A be the moving part of |2KP + L¯|. By hypothesis the general curve in |A|
is irreducible and, since P is regular, the restriction map H0(P,A) → H0(A,A) is
surjective and thus we have h0(A,A) = + 1− t/2, because h0(P,A) = + 2− t/2.
Thus the image of the restriction map r : H0(P, 2A) → H0(A, 2A) has dimension
at least 2 + 1 − t. Since the kernel of r is H0(P,A) we conclude that h0(P, 2A) ≥
3+ 3− 32 t.
On the other hand, since A < 2KP + L¯ −
∑t
1Ci, 2A < 4KP + B¯, and thus
K2P − pg + 5+ 7− 32 t = h0(4KP + B¯) ≥ 3+ 3− 32 t, yielding 2 ≥ pg − 4−K2P ≥
pg − 13. Thus K2S = 2pg + 2 ≥ 3pg − 13. If equality holds then K2P = 9 and thus
P ' P2. Then t = 0 and the branch curve B is a curve of degree 2d without essential
singularities. The invariants of S will then be K2S = 2(d−3)2 and pg = 12d(d−3)+1
and it is easy to check that the only values of d for which 2 = pg − 13 are exactly
d = 7 or d = 8.
Now if t ≥ 2 or P 6' F2, t = 1, one has K2P + t ≤ 8 by Lemma 1.2.1, and then
2 ≥ pg − 4−K2P = pg − 4− (K2P + t) + t ≥ pg − 12 + t yields the last assertion.
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Lemma 2.2.11 If pg ≥ 3 and h0(2KW+L) 6= 0, then (3KP+B¯)2 ≥ pg+3+2−t/2.
Furthermore if equality holds, then h0(2KW +L) = 1 and (3KP + B¯)(2KP + L¯) = 0.
Proof: Since h0(2KW + L) 6= 0, by Propositions 2.2.6 and 2.1.4 , |3KP + B¯| is nef
and big and not composed with a pencil.
Recall that h0(2KP + L¯) = +2− t/2, by Proposition 2.2.4. Since (3KP + B¯) =
(KP + L¯) + (2KP + L¯) −
∑t
1Ci, (3KP + B¯)(
∑t
1Ci) = 0, and 3KP + B¯ is nef we
conclude that (3KP + B¯)2 ≥ (3KP + B¯)(KP + L¯) = pg + 3+ 2− t/2 > 0.
Now if (3KP + B¯)2 = (3KP + B¯)(KP + L¯), then (3KP + B¯)(2KP + L¯) = 0. So
2KP + L¯ (and so 2KW + L) cannot move in a linear system, because 3KP + B¯ is
nef and big.
Proposition 2.2.12 Assume pg ≥ 5,  ≥ 0. If |3KW + B| is not composed with a
pencil (or equivalently if h0(2KW +L) 6= 0), then for any pencil with general member
an irreducible curve F on P , (3KP + B¯)F ≥ 2.
Furthermore:
i) if (3KP + B¯)F = 2, then F is a base point free pencil of smooth rational curves
such that the corresponding pencil F˜ on S is a base point free pencil of curves
of genus 3, and K2P + t ≤ 8;
ii) if (3KP + B¯)F = 3, then K2S ≤ 25.
Proof: Remark first that our hypothesis imply that K2S ≥ 10 and that (by
Lemma 2.2.11 and Proposition 2.2.6) (3KP + B¯)2 > 5.
Since |3KP + B¯| is not composed with |F |, (3KP + B¯)F ≥ 1. If equality holds
then the general curve of |F | must be rational and also by the Index theorem F 2 = 0.
Hence KPF = −2 and then (2KP + B¯)F = 3, but this contradicts Lemma 2.1.2. So
(3KP + B¯)F ≥ 2.
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Suppose now (3KP + B¯)F = 2. Again by the Index theorem F 2 = 0, implying
that KPF is even by the adjunction formula. By Lemma 2.1.2, (2KP + B¯)F ≥ 2
and thus the even number KPF is ≤ 0.
If KPF = 0, then a general curve in |F | is a smooth elliptic curve and (2KP +
B)F = 2. Then by Lemma 2.1.2 again, FCi = 0, for i = 1, ..., t and thus F (KP +
L¯) = 1. So, since a general curve in |F | is a smooth elliptic curve, we would have
|KP + L¯| composed with |F |, hence also KS composed with a pencil, contradicting
Assumptions 2.2.1.
So KPF = −2. Then (2KP + B¯)F = 4 and so |F | induces a pencil |F˜ | on S
such that KSF˜ = 4. Now by the adjunction formula F˜ 2 is an even number. Since
K2S ≥ 10, by the Index theorem again we have F˜ 2 = 0 and so F˜ is as stated. In
particular F does not meet any of the (−2)-curves Ci.
For the inequality K2P + t ≤ 8, by Lemma 1.2.1 it suffices to exclude P ' P2 or
P ' F2, t = 1.
Since F 2 = 0, P 6' P2, because on P2 there are not nonzero divisors with self-
intersection 0.
If t = 1, P ' F2 then the curve C1 is the section with self-intersection −2 of F2,
and thus, we would have a base point free pencil of smooth rational curves in F2 not
meeting the section with self-intersection −2, and this is an obvious contradiction.
Suppose now (3KP + B¯)F = 3. If KPF ≥ −1 then (2KP + B¯)F ≤ 4 and so by
the Index theorem and (2KP + B¯)2 ≥ 20 we have F 2 = 0. Thus KPF is even and so
(2KP + B¯)F is an odd number ≤ 3, contradicting Lemma 2.1.2. Thus KPF ≤ −2.
From the Index theorem and (3KP + B¯)2 ≥ 5, we obtain F 2 ≤ 1, and thus the two
possibilities: F 2 = 0 and KPF = −2 or F 2 = 1 and KPF = −3. If K2S > 25, the
first possibility is excluded by Lemma 2.1.2, and the second by the Index theorem
applied to (2KP + B¯) and F .
Corollary 2.2.13 Assume pg ≥ 5,  ≥ 0 and that |2KW + L| is composed with a
pencil |F |.
Then if 2 < pg−12+t (i.e. K2S < 3pg−12+t), or K2S > 25 and  < pg−11+ 12 t
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(i.e K2S < 4pg − 22 + t) F is a base point free pencil of smooth rational curves such
that the corresponding pencil F˜ on S is a base point free pencil of curves of genus 3.
Proof: By the precedent proposition, it is enough to show that (3KP+B¯)F = 2.
Assume (3KP+B¯)F ≥ 3. Then from (3KP+B¯)(2KP+L¯) = K2P−pg+5+6− 32 t
and 2KP + L¯ = (+ 1− 12 t)F + f we obtain
K2P − pg + 5+ 6−
3
2
t ≥ 3+ 3− 3
2
t
and thus
2 ≥ pg − 3−K2P . Since K2P + t ≤ 9 by Lemma 1.2.1, giving −K2P ≥ −9 + t, we
obtain 2 ≥ pg − 12 + t.
Assume now that K2S > 25 and (3KP + B¯)F > 2. Then, by the precedent
proposition, (3KP + B¯)F ≥ 4, and so
K2P − pg + 5+ 6−
3
2
t ≥ 4+ 4− 2t,
yielding  ≥ pg − 2−K2P − 12 t = pg − 2− (K2P + t) + 12 t ≥ pg − 11 + 12 t.
Remark 2.2.14 Remark that by Lemma 1.2.1, K2P + t = 9 only occurs if either
P ' P2 and t = 0 or P ' F2 and t = 1.
Proposition 2.2.15 Assume pg ≥ 5,  ≥ 0 and suppose that |2KW+L| is composed
with a pencil |F | (and so h0(2KW + L) ≥ 2). Then:
i) 3 ≥ pg − 4−K2P + 12 t = pg − 4− (K2P + t) + 32 t;
ii) K2S ≥ 83pg − 8 + t.
Proof: By Proposition 2.2.12, (3KP + B¯)F ≥ 2 and so,
K2P − pg + 5+ 6−
3
2
t ≥ 2+ 2− t,
hence 3 ≥ pg − 4−K2P + 12 t = pg − 4− (K2P + t) + 32 t.
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It is easy to check that that the second inequality in the statement will fail if
and only if 3 = pg − 4 −K2P + 12 t = pg − 4 − (K2P + t) + 32 t and K2P + t = 9. But
then (3KP + B¯)F = 2 and so by Lemma 2.2.12, K2P + t = 9 does not happen.
We can have more information about the case |2KW+L| composed with a pencil.
Lemma 2.2.16 Assume pg ≥ 5,  ≥ 0. If |3KW +B| is not composed with a pencil
(or equivalently if h0(2KW + L) 6= 0), then for any pencil with general member an
irreducible curve F on P , (2KP + B¯)F ≥ 4. Furthermore, if equality holds, then
F 2 = 0 and the corresponding pencil F˜ on S is a base point free pencil of curves
of genus 3. If equality holds and in addition, φKW+L is a birational map, a general
curve of |F | is smooth rational.
Proof: The first assertion follows immediately from Lemma 2.1.2. If (2KP +B¯)F =
4, then (2KP + B¯)2 = 2K2S ≥ 20, implies by the Index theorem that F 2 = 0.
The fact that the corresponding pencil F˜ on S is a base point free pencil of curves
of genus 3 can be checked using the same argument as in the proof of Proposition
2.2.12.
Finally the assertion about the rationality of a general curve of |F | follows im-
mediately if we notice that F 2 = 0 means that the general curve F in |F | is smooth
and that (2KP + B¯)F = 4 implies that the intersection number of F with the mov-
ing part of KP + L¯ is ≤ 2. If F were not rational then the generically finite (by
Assumption 2.2.1) map φKW+L would not be birational.
Proposition 2.2.17 Assume pg ≥ 5,  ≥ 0 and suppose that |2KW+L| is composed
with a pencil |F | (and so h0(2KW + L) ≥ 2). Then:
i) if 32 t <  + 1, then (2KP + B¯)F = 4 and the corresponding pencil F˜ on S is a
base point free pencil of curves of genus 3;
ii) K2P ≤ 8.
31
iii) if (2KP + B¯)F = 4 and a general curve F in |F | has g(F ) ≥ 1, then φKW+L is
not birational and K2S ≥ 4pg − 8;
iv) if (2KP + B¯)F = 4 and a general curve F in |F | is smooth rational, then
(2KP + L¯)2 ≤ 0 and (4KP + B¯)2 ≤ 0.
Proof: By Lemma 2.2.16, (2KP + B¯)F ≥ 4. Since the moving part of |2KP + L¯|
is ( + 1 − t2)F , 2KP + B¯ is nef and (2KP + B¯)(2KP + L¯) = 4 + 4 − t, the
condition 32 t < + 1 implies that (2KP + B¯)F ≤ 4. Then, by Lemma 2.2.16 again,
(2KP + B¯)F = 4 and F 2 = 0. So we proved i).
For assertion ii), notice that the surface P being rational satisfies K2P ≤ 9 with
equality holding if and only if P ' P2. If P ' P2, then t = 0 and therefore by
i), F 2 = 0. But this is a contradiction, because in P2 there are no base point free
pencils.
For assertion iii) it is enough to notice that by Lemma 2.2.16, φKW+L is not
birational. Since the canonical map of S factors through the involution and the
canonical image of S is a surface, this implies that φKS has degree≥ 4. Thus, because
the canonical image of S is a nondegenerate surface in Ppg−1, K2S ≥ 4(pg − 2) =
4pg − 8.
As for the last assertion remark that (2KP + B¯)F = 4, F 2 = 0 and F smooth
rational imply F (4KP +B¯) = 0 and so, by Corollary 1.6.2, (4KP +B¯)2 ≤ 0. Finally,
since for each curve (−2)-curve Ci, FCi = 0, and 2KP + L¯ = 12(4KP + B¯ +
∑t
1Ci)
also F (2KP + L¯) = 0, and again (2KP + L¯)2 ≤ 0.
Remark 2.2.18 If K2S ≥ 25, i) can be stated with the condition 32 t < + 1 substi-
tuted by t < + 1 (see Lemma 2.1.2).
Finally we want to point out:
Lemma 2.2.19 Assume pg ≥ 5,  ≥ 0. If h0(2KW + L) = 1, then pg ≤ 9 and
K2S ≥ 3pg − 9.
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Proof: Notice that h0(2KW+L) = 1 means +2−t/2 = 1, i.e 4+8−2t = 4 and
t = 2+2. Then (3KP + B¯)(2KP + L¯) = K2P −pg+5+6− 32 t = K2P +2+3−pg =
K2P + t− pg + 1. Then, by the nefness of 3KP + B¯, we obtain K2P + t− pg + 1 ≥ 0.
Since t ≥ 2, by Lemma 1.2.1, K2P + t ≤ 8 and so pg ≤ 9. The last assertion
comes from rewriting K2P + t − pg + 1 ≥ 0 as 2 ≥ pg −K2P − 3 and using the fact
that K2P ≤ 6, because t ≥ 2.
Lemma 2.2.20 Assume pg ≥ 5,  ≥ 0. If h0(2KW + L) = 2, then pg ≤ 12 and
K2S ≥ 3pg − 12.
Proof: The proof is similar to the proof of Lemma 2.2.19 above. In this case
t = 2 and so (3KP + B¯)(2KP + L¯) = K2P + t− pg + 6. By Lemma 2.2.12, (3KP +
B¯)(2KP + L¯) ≥ 2. Since, by Lemma 1.2.1, K2P + t ≤ 9, we obtain pg ≤ 13 and if
pg = 13 then either P ' P2 and t = 0 or P ' F2 and t = 1.
Now pg = 13, P ' P2 and t = 0 cannot occur, because in that case (3KP +
B¯)(2KP + L¯) = 2 would imply, by Lemma 2.2.12, the existence of a base point free
pencil on P2, an obvious contradiction.
If t = 1 and pg = 13, then the curve C1 is the section with self-intersection −2
of F2, and thus, by Lemma 2.2.12, we would have a base point free pencil of smooth
rational curves in F2 not meeting the section with self-intersection −2, and this is
again an obvious contradiction.
Finally the last assertion is obvious, since K2S = 2+2pg < 3pg− 12 and pg ≤ 12
would mean 2 < 0, against the hypothesis.
The above results give in particular the following:
Theorem 2.2.21 Let S be a surface as in Assumption 2.2.1 and let t be the number
of isolated fixed points of the canonical involution. Assume also K2S ≥ 2pg, pg ≥ 13.
Then:
• if K2S < 83pg − 8 + t, S has a pencil of genus 2 and t = 2+ 4;
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• if K2S < 3pg − 13, S has either a genus 2 pencil or an hyperelliptic pencil of
genus 3;
• if K2S = 3pg − 13, and S has no genus 2 pencil and no hyperelliptic pencil
of genus 3, then either pg(S) = 15, K2S = 32 and S is a double cover of P2
branched on a curve of degree 14 with at most nonessential singularities or
K2S = 50, pg = 21 and S is a double cover of P2 branched on a curve of degree
16 with at most nonessential singularities.
Furthermore, if the canonical involution has t ≥ 2 isolated fixed points, then:
• if K2S < 3pg − 12 + t, S has either a genus 2 pencil or an hyperelliptic pencil
of genus 3.
Remark 2.2.22 1) The type of inequalities above have already been obtained by
Xiao Gang (see [Xi]) and Miles Reid (see [Re1]). The approach used here is very
similar to the one used by Miles Reid and the slightly bigger precision comes from
the the dichotomy - composed with a pencil- not composed with a pencil and from
the use of Lemma 1.2.1.
With the same methods as in this chapter it would be possible to reobtain other
inequalities of [Xi] and [Re1]. The next step would be understanding the behaviour
of the divisors 3KW +L and 5KP + B¯. If |2KW +L| is not composed with a pencil,
also |4KW +B| is not. It is easy to see that if 4KP + B¯ is not nef, then there is at
least one (−1)-curve E such that E(3KP + B¯) = 0 and that such a curve will meet
exactly one of the (−2)-curves Ci in one point. To contract E +Ci two blow-downs
are necessary. Contracting all such curves one would have a morphism pi : P → P ′
and a divisor B¯′ with at most (3, 3)-points and such that pi∗(3KP ′ + B¯′) = 3KP + B¯,
and also 4KP ′ + B¯′ is nef. Then we can consider the linear system |5KW + B|. If
it is nonempty but composed with a pencil, then necessarily h0(3KW + L) = ∅ and
several inequalities can be found.
These results yield many other consequences. For example if we have an involu-
tion with t = 0, pg ≥ 5 and  ≥ 0, then h0(2KW + L) ≥ 2, also by Remark 2.1.6,
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we have that (2KP + L¯) is nef. Furthermore, since t = 0, by Proposition 2.2.17, if
|2KP + L¯| is composed with a pencil |F | the corresponding pencil on S is a genus 3
pencil without base points. More precisely, we have the following proposition:
Proposition 2.2.23 Assume pg ≥ 5,  ≥ 0, t = 0 and that φKW+L is birational. If
|2KP + L¯| is composed with a pencil |F |, then (2KP + L¯)2 = 0 and the corresponding
pencil on S is a genus 3 pencil without base points. In this case, S is the minimal
resolution of a double cover of Fr branched in a curve in |8C0 + 2( + 5 + 2r)f |
having 12+3− pg singular points (possibly infinitely near) of multiplicity 4 as only
essential singularities.
Proof: By Proposition 2.2.17 and the hypothesis the pencil |F | is a pencil of smooth
rational curves. Again the same proposition tells us that (2KP + L¯)2 ≤ 0 and so,
since, by Remark 2.1.6, (2KP + L¯) is nef, we conclude that (2KP + L¯)2 = 0. Since
(2KP + L¯)(2KP + B¯) = 4+ 4, 2KP + B¯ big and h0(2KP + L¯) = + 2, we obtain
|2KP + L| = (+ 1)F .
From Proposition 2.2.4 and (2KP + L¯)2 = 0, one has K2P = pg − 3 − 4. So
contracting 12 + 3− pg curves we get a birational morphism γ : P → Fr. Let f be
a fibre of Fr and C0 a section with C20 = −r. Denote L = γ∗(aC0 + bf) −
∑
ciEi,
from
(a− 4)C0 + (b− 2(2 + r))f +
∑
(2− ci)Ei = (+ 1)f
we obtain a = 4, ci = 2 and b = + 5 + 2r.
Remark 2.2.24 Note that in Proposition 2.2.23, we can write γ∗(C0) = B0 +∑
ξiEi, where B0 is the strict transform of C0. Then B¯ = γ∗(8C0+2(+5+2r)f)−
4
∑
Ei. If B0 * B¯, then r ≤ +52 ; otherwise, r ≤ 2(+5)3 . In fact if B0 * B¯, the
result follows from B¯B0 ≥ 0. If B0 ⊆ B¯, then B0 * B¯ − B0, and similarly we get
the result.
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Chapter 3
Surfaces with K2 = 2X − 2 and
pg ≥ 5
Throughout this chapter S denotes a minimal surface of general type with K2S =
2X − 2 and pg ≥ 5. First, we point out that q = 0 ([Bo], Lemma 14) and thus
K2S = 2pg.
We write |KS | = |H|+ F , where |H| is the moving part of |KS | and F the fixed
part and let pi : S˜ → S be the composition of blow-ups such that the variable part
|H˜| of |pi∗KS | is free from base points. Also, we denote by E the exceptional divisor
of pi, by F ′ the fixed part of |pi∗KS | and by Σ the canonical image of S.
3.1 The canonical map
From Theorem 1.4.1 we know that φKS is generically finite. Moreover,
Lemma 3.1.1 Let S be a minimal regular surface of general type with K2S = 2pg
and pg ≥ 5. Then one of the following occurs:
• φKS is a birational map;
• φKS is a rational map of degree 2 onto a rational ruled surface.
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Proof: Since Σ is an irreducible and nondegenerate surface in Ppg−1, we have the
inequality (see Section 1.4)
K2S ≥ (deg φKS )(degΣ) ≥ (deg φKS )(pg − 2),
thus, deg φKS ≤ 3 and if deg φKS = 3, then pg = 5 or pg = 6.
Assume that deg φKS = 3. Then a general curve in |KS | is smooth, because |KS |
has no base points if pg = 6, or a unique base point if pg = 5. Since Σ is a surface
of minimal degree pg − 2 in Ppg−1 we obtain a contradiction to ([MP], Theorem 2.1)
where it is shown that if the general curve in |KS | is smooth and the canonical map
is of degree 3 onto a surface of minimal degree pg − 2 in Ppg−1, then pg ≤ 5 and
K2S = 9. Therefore, we have deg φKS ≤ 2.
If deg φKS = 2, from Proposition 2.1.7 we have that pg(S/i) = 0. Indeed, oth-
erwise pg(S/i) = pg(S) and the canonical image Σ is a surface of general type, so
degΣ > 2pg − 4; on the other hand, since deg φKS = 2, we have degΣ ≤ pg, whence
2pg − 4 < pg and then pg < 4, a contradiction.
If φKS has degree 2, then the canonical map factors through an involution i. In
this case, we recall the diagram (2.1)
V
h−−−−→ S
pi
y ypi′
W
g−−−−→ S/i
where pi is a double cover with branch locus 2L ≡ B′ = B +∑t1Ai. We define
the Q- divisor 1/2B.
Remark 3.1.2 Note that if the canonical map factors through an involution, since
pg(S/i) = 0, from formula (2.7), we have
t = 4− 2h0(2KW + L)
so the number of isolated fixed points of the involution is t = 0, 2 or 4.
Also,
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Lemma 3.1.3 Let S be a minimal surface of general type with K2S = 2pg and q = 0
such that the canonical map factors through an involution. Then:
(i) h0(2KW + L) = 2− t/2;
(ii) (2KW + L)2 = K2W − pg − 32 t+ 4;
(iii) KWL = KW (B/2) = 2− pg − t/2−K2W ;
(iv) (B/2)2 = L2 + t2 = 3pg + t/2 +K
2
W − 3.
Proof: The assertions are an immediate consequence of Proposition 2.2.4 and for-
mulas (2.2) and (2.3).
Let us recall the next result due to Castelnuovo (cf . [ACGH]):
Lemma 3.1.4 (Castelnuovo’s Bound) Let C be a smooth curve of genus g that
admits a birational mapping onto a nondegenerate curve of degree d in Pr. Let
m = [(d− 1)/(r− 1)] and ε = (d− 1)−m(r− 1). Then g ≤ pi(d, r), where pi(d, r) =
m(m− 1)(r − 1)/2 +mε.
We will need also:
Lemma 3.1.5 Let S be a minimal surface of general type such that K2S = 3pg − 5
and q = 0. If the canonical map is birational, then |KS | does not have a fixed
component and has at most one (simple) base point.
Proof: We use the notation introduced in the beginning of this chapter. Since we
are assuming φKS birational, by [Ho2], H˜
2 ≥ 3pg − 7. Thus we have
H˜2 = 3pg − 5, 3pg − 6, or 3pg − 7.
If the statement is not true, then necessarily H˜2 = 3pg − 7 and the general curve C
in |H˜| is nonsingular. Since |pi∗K| = |H˜|+E +F ′, where H˜(E +F ′) > 0. Then, by
the adjunction formula, C is of genus
3pg − 6 + 12H˜(2E + F
′),
39
On the other hand, from Lemma 3.1.4 we obtain g(C) ≤ 3pg− 6, a contradiction.
We can now give a rough classification:
Theorem 3.1.6 Let S be a minimal surface with K2S = 2pg, q = 0 and pg ≥ 5.
Then S satisfies exactly one of the following:
(I) the canonical map φKS is birational and
(Ia) |KS | is free from base points and pg ≤ 7, or
(Ib) |KS | has exactly one (simple) base point and pg = 5;
(II) the canonical map factors through an involution i and the number t of isolated
fixed points of i is:
(IIa) t = 0, or
(IIb) t = 2, or
(IIc) t = 4.
Proof: If deg φKS = 1, by the Castelnuovo inequality, one has that pg ≤ 7. Now,
using ([Ko], Lemma 1.3) and ([AK], Lemma 1.1) for pg = 6 and 7 respectively, we
obtain that |KS | is free from base points. Finally, by Lemma 3.1.5 for pg = 5, the
canonical system |KS | does not have fixed components and has at most one (simple)
base point.
If deg φKS = 2, the result follows from Remark 3.1.2.
Remark 3.1.7 Surfaces of type (Ia) with pg = 7, have been studied, among others,
by Ashikaga and Konno ( [AK]) and Miranda ([M]). In particular, Miranda has
proved that φKS maps S into the Veronese cone or into a rational normal scroll.
For surfaces of type (Ia) with pg = 6, we refer to [Ko]. For this case Konno has
shown that the canonical image is contained in a threefold W of ∆-genus≤ 1 which
is cut out by all quadrics through the canonical image.
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Ciliberto in [Ci], proves the existence of surfaces of type (Ia) with pg = 5. He
has studied the moduli space of such surfaces, its dimension and its unirationality.
Furthermore he has shown that the canonical image of a generic such surface has
only isolated singularities and cannot lie in a quadric.
Remark 3.1.8 Surfaces of type (Ib), as far as we know, have not been studied yet
and we do not know whether they exist. Here we give some of their properties. Since
|KS | has only one simple base point a general member C ∈ |KS | is irreducible and
nonsingular. The canonical image C0 of C is an irreducible nondegenerate curve of
degree 9 in P3. Looking at the proof of Lemma 3.1.5, we have that 11 ≤ pa(C0) ≤ 12.
If pa(C0) = 11, C0 is a nonsingular curve with degree 9 and g = 11 in P3, but this is
not possible, (cf.([H], pg. 349). Hence pa(C0) = 12 and C0 has exactly one singular
double point. Using the same arguments as Konno in ([Ko], Section 3), it is easy
to see that C0 is contained in a quadric of P3. Also, since h0(Σ, 2H) = 14 and
h0(P4,OP4(2)) = 15, again we conclude that Σ ⊂ Q, where Q is a quadric of P4.
Furthermore, Q must be singular because the degree of Σ is 9 and any surface on a
nonsingular quadric of P4 is a complete intersection.
3.2 Surfaces of type (IIa)
In this section, S denotes a minimal surface with K2S = 2pg, q = 0, pg ≥ 5, and such
that φKS has degree 2 with t = 0.
We first point out that from Proposition 2.1.8, if φKS has degree 2, then t = 0 if
and only if |KS | has no base points.
Let f : S/i → P be the birational morphism such that 2KP + L¯ is nef (see
Remark 2.1.6). By Lemma 2.1.9, (2KP+L¯)2 ≤ 0, and so (2KP+L¯)2 = 0. Therefore,
(2KP + L¯)KP = −2 and as a consequence of Lemma 1.7.1 we have:
Lemma 3.2.1 If S is a surface as above, then the linear system |2KP + L¯| is a
rational pencil without base points. Moreover, |pi∗(2KP + L¯)| is a hyperelliptic pencil
of genus 3 in S.
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Lemma 3.2.1 also comes as a consequence of Proposition 2.2.23, besides
Proposition 3.2.2 Let S be a minimal surface with K2 = 2pg, q = 0 and pg ≥ 5,
such that the canonical map factors through an involution without fixed points. Then
pg ≤ 12 and S is the minimal resolution of a double cover of Fr, r ≤ 3, branched in
a curve in |8C0+2(5+2r)f | having 12−pg singular points (possibly infinitely near)
of multiplicity 4 as only essential singularities.
Proof: This follows at once from Proposition 2.2.23 and Remark 2.2.24.
Corollary 3.2.3 Let S be as in the previous proposition. If pg ≤ 11, then we can
see the image of B in P2 as a curve of degree 14 with 12− pg points of multiplicity
4 and one point of multiplicity 6 as unique essential singularities. For r = 2, the
singular point of multiplicity 6 is infinitely near to, at least, one of multiplicity 4.
Proof: Let B0 = γ∗(C0)−ΣξiEi. Note that for all (−1)-curve Ei, one has B0Ei = 0
or 1. If B0Ei = 1, then ξi = 1 and we claim that there exists another (−1)-curve
Ej ⊆ 2KP+L¯−Ei such that B0Ej = 0. Indeed, let f ′ be the fibre such that Ei ⊂ f ′,
firstly note that Ei has multiplicity 1 together with the fact that (f ′−Ei)2 = −1 and
KP (f ′ − Ei) = −1, prove the claim. Since pg ≤ 11, we can choose γ : P → Fr, such
that, for at least one contracted curve holds B0E = 1. Therefore, we can suppose
that r = 0, 2.
If r = 0, then the image of B¯ in F0 is a curve B¯F0 ∈| 8f1+10f2 |. Since pg ≤ 11,
there exists at least one point of multiplicity 4. We blow up one of these points of F0
and obtain a new line, a (−1)-curve; next blow down the two fibres passing through
the point. We obtain two singularities of multiplicity 4 and 6; the image of B¯F0
meets the new line in 6 + 4 + 4 = 14 points. In sum, there exists a birational map
F0 99K P2 such that the image of B¯F0 is a curve of degree 14 with two (different)
points of multiplicity 6 and 4 plus 12− pg points of multiplicity 4. Note some of the
essential singular points are possibly infinitely near.
Similarly, if r = 2, then B¯F2 ∈ |8C0 + 18f |. As before, there exists al least one
point of multiplicity 4, so there exists a birational map F2 99K P2 such that the
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image of B¯F2 in P2 is a curve of degree 14 with a point of multiplicity (6, 4) plus
12 − pg points of multiplicity 4. As in the case r = 0 we note that apart from
the singular point of multiplicity (6, 4), some of the other essential singularities are
possibly infinitely near.
To end this section, note that the above results shows the following:
Corollary 3.2.4 Let S be a surface such that the canonical map factors through an
involution, with K2 = 2pg, q = 0 and pg ≥ 5. Then the following are equivalent:
(i) |KS | has no base points.
(ii) t = 0.
(iii) |2KP + L¯| is a rational pencil without base points.
3.3 Surfaces of type (IIb)
We recall that S is a surface of type (IIb) if the canonical map factors through
an involution with t = 2 and the branch curve is 2L ≡ B′ = B +A1 +A2.
From Proposition 2.2.4 we have h0(3KW +B) = pg + 2, so if P and B¯ are as in
Proposition 2.1.4, the divisor 3KP + B¯ is nef.
From Lemma 3.1.3:
Lemma 3.3.1 Let S be a minimal surface with K2S = 2pg, q = 0 and pg ≥ 5,
and i an involution on S such that t = 2. Then KW (B/2) = 1 − pg − K2W and
(B/2)2 = L2 + 1 = 3pg − 2 +K2W ;
Remark 3.3.2 If P and B¯ are as in Proposition 2.1.4, Lemma 3.3.1 holds replacing
W by P and B by B¯.
Throughout this section we will prove the following theorem:
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Theorem 3.3.3 Let S be a minimal surface with K2S = 2pg, q = 0 and pg ≥ 5,
such that the canonical map factors through an involution with t = 2. Then pg ≤ 8
and one of the following occurs:
(i) S is the minimal resolution of a double cover of a weak Del Pezzo surface T
of degree pg +1 branched in an effective divisor in | − 4KT | having exactly two
(3,3)-points as essential singularities.
(ii) S is the minimal resolution of a double cover of Fr, r ≤ 2, whose branch curve
is the union of a curve in |8C0+(9+4r)f)| with a fibre. The curve has 8− pg
singular points (possibly infinitely near) of multiplicity 4 and another of type
(4, 4) and the fibre is tangent to the curve at the (4, 4)-point.
Proof: We divide the proof into steps.
Step 1: With the usual notation K2P = pg − 2 or K2P = pg − 3.
By Proposition 2.2.4, h0(2KW + L) = 1 and also
0 ≤ (3KP + B¯)(2KP + L¯) = K2P + 3− pg,
therefore K2P ≥ pg − 3. On the other hand, by the Index theorem K2P (B¯/2)2 ≤
(KP (B¯/2))2 and hence, from Lemma 3.3.1, we get K2P ≤ (pg−1)
2
pg
and the assertion
follows.
As we did in Proposition 2.1.4 contracting (−1)-curves C in W with CB = 2,
now we are going to contract (−1)-curves E in P such that EB¯ = 3.
Step 2: There exists a birational morphism f : P → P1 such the divisor 4KP1 +
BP1 is nef, and all (−1)-curves E contracted by f1 satisfy E(3KP + B¯) = 0.
Let E ⊂ P be a curve with E(3KP + B¯) = 0. Since 3KP + B¯ is nef and big by
the Index theorem, we have that E2 < 0. Now, assume also that E is a (−1)-curve,
then EB¯ = 3. Since B¯′ is an even divisor, it is clear that E(C1 + C2) > 0 and it
is an odd number. Let i = 1 or 2, since (E + Ci)(2KP + B¯) = 1, by Lemma 2.1.3,
(E + Ci)2 < 0. As a consequence, ECi ≤ 1 and we conclude that E(C1 + C2) = 1.
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From Proposition 2.2.4 and the previous step, h0(4KP + B¯) > 0, so the rest of
the proof is similar to the proof of Proposition 2.1.4.
To continue with the proof, we analyse the two values of K2P .
Step 3: If K2P = pg − 3, then S is the minimal resolution of a double cover of a
weak Del Pezzo surface T of degree pg + 1 branched in a divisor in | − 4KT | having
two (3,3)-points.
Let f1 : P → P1 be the birational morphism such that 4KP1 +BP1 is nef. if s is
the number of (−1)-curves contracted by f1, then, from (4KP + B¯)2 = −4, one has
s ≥ 4. Besides, note that K2P1 = K2P + s and (BP1/2)2 = (B¯/2)2 + 94s, so
0 ≤ (2KP1 +BP1)(4KP1 +BP1) = 4− s (3.1)
hence, s = 4; since 4KP1 + BP1 is an effective divisor and by the Index theorem
we have that 2KP1 + BP1/2 is a trivial divisor. Therefore −KP1 = KP1 + BP1/2
gives −KP1 nef and big, so P1 is a weak Del Pezzo surface of degree K2P1 = pg + 1.
Finally, let us analyse the image of C1 and C2 in P1. As we have seen, C1 and C2 are
(−2)-curves in P , however, if E1 is a (−1)-curve contracted by f1, by Step 2, we can
suppose that E1C1 = 1 and E1C2 = 0. After contracting E1, C1 becomes a (−1)-
curve, whose intersection with the image of B¯ is equal to 3, and it will be contracted
as well. Since s = 4, we can repeat the same argument for another (−1)-curve E2
with E2C2 = 1, obtaining the two singular (3, 3)-points.
Remark 3.3.4 Notice that Theorem 4.2 of [BaP] gives the same result as in Step
3 for the case pg = 4.
Step 4: If K2P = pg − 2, then 4KP + B¯ is a rational pencil without base points.
Keeping the same notation as in the proof of Step 3, and using the Index theorem
we obtain that K2P1(BP1/2)
2 ≤ (KP1(BP1/2))2, which implies s ≤ 4pg+2 by Lemma
3.3.1; hence s = 0 and we conclude that 4KP + B¯ is nef. From Proposition 2.2.4, we
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see that (4KP + B¯)2 = 0; besides, from Lemma 3.3.1, we have KP (4KP + B¯) = −2.
Finally, applying Lemma 1.7.1, the result follows.
Step 5: If K2P = pg − 2, then S is the minimal resolution of a double cover of
Fr, r ≤ 2, whose branch curve is the union of a curve in |8C0 + (9 + 4r)f)| with
a fibre. The curve has 8 − pg singular points of multiplicity 4 and another of type
(4, 4) and the fibre is tangent to the curve at the (4, 4)-point.
From Step 4, |4KP + B¯| is a genus 0 pencil without base points, hence P 6= P2
and contracting 10−pg exceptional curves, we get a birational morphism γ : P → Fr.
Let f be a fibre of Fr and C0 a section with C20 = −r. Write B¯ = γ∗(aCo+ bf)−∑
ciEi, since
4KP + B¯ = γ∗((a− 8)C0 + [b− 4(2 + r)]f) +
∑
(4− ci)Ei = γ∗(f)
we obtain B¯ = γ∗(8C0 + (9 + 4r)f)− 4
∑
Ei.
Also, from 0 ≤ γ∗(C0)(2KP + B¯), we have r ≤ 2.
By Proposition 2.1.4, we know that C1 and C2 are (−2)-curves on P and hence
Ci(4KP + B¯) = 0, so they are contained in the fibres. More precisely, since
Ci(2KP + L¯) = −1, we can write 2KP + L¯ = D + C1 + C2 where D is an ef-
fective divisor with h0(D) = 1. Hence, 4KP + B¯ = 2D+C1 +C2, so C1 and C2 are
in the same fibre. By easy calculations we have D2 = −1 and KPD = −1. Then it
is easy to see that contracting the (−1)-curves we obtain a singularity of multiplicity
(4, 4) of the image of B¯, such that the fibre passing through this point is contained
in the branch locus and it is tangent to B¯ at the (4, 4)-point. Finally, since there
are 10− pg singular points of multiplicity 4, then pg ≤ 8.
To end this section we make several remarks.
Remark 3.3.5 If S is a surface as in Step 5, we can proceed as in the proof of
Corollary 3.2.3. First, we can suppose that r = 0, 2. If r = 0, there exists a
birational map F0 99K P2 such that we can see the image of the branch B′ on P2 as
a curve of degree 14 of type C + l, where l is a line and C is a curve of degree 13
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having two (different) points P1 and P2 of multiplicity 5 and (4, 4) respectively at
the intersection with l, plus 8− pg points of multiplicity 4, and no further essential
singularities. The case r = 2 is a degeneration of this one, having P1 infinitely near
to P2. Note also that l is tangent to C at P2.
Remark 3.3.6 As a consequence of Steps 3 and 5, we know that if S is a surface
of type (IIb), then pg ≤ 8. This result is slightly better than the one obtained in
Lemma 2.2.19.
Remark 3.3.7 From Lemma 2.2.16, the rational pencil |4KP + B¯| gives raise to a
base point free pencil of genus 3 on S.
3.4 Surfaces of type (IIc)
Finally, we are going to study surfaces with K2S = 2pg, q = 0 and pg ≥ 5, such
that the canonical map factors through an involution with t = 4.
Obviously, for these surfaces we have that h0(2KW +L) = 0, and using Proposi-
tion 2.2.6 we know that |3KW +B| is composed with a pencil |F |, which gives raise
to a genus 2 pencil on S.
Remark 3.4.1 Recall that Horikawa in [Ho1] proved that if a surface has a pencil
of genus 2, there exists a map of degree 2 onto a surface with a ruling, mapping each
fibre on a element of the ruling with its canonical map and whose branch locus has
only singularities of the following types: (0), (Ik), (IIk), (IIIk), (IVk), and (V1) (in
Horikawa’s notation).
The next result is well known but for completeness we include its proof.
Lemma 3.4.2 Let S be a minimal algebraic surface of general type with pg ≥ 4,
q = 0 and canonical map not composed with a pencil. If S has a pencil of genus 2,
then the canonical map has degree 2.
47
Proof: Let F be the genus 2 pencil on S and note that KS |F ' ωF . Since ωF is a
g12 on F , φKS has even degree.
Since h0(S,KS) ≥ 4 and h0(F, ωF ) = 2, from the long exact sequence:
0→ OS(KS − F )→ OS(KS)→ OS(KS) |F→ 0,
we have that h0(S,KS −F ) ≥ 2. Therefore, φKS separates the fibres and we obtain
the result.
Proposition 3.4.3 The pencil of genus 2 in S is the pull-back of a ruling of the
canonical image Σ of S. Moreover, the branch curve has only singularities of types:
(0), (Ik), (IIk), (IIIk), (IVk), with k = 1, 2, and (V1).
Proof: Since KS |F = ωF and |KS | is not composed with a pencil, the image of each
element of F is a line, then a ruling of Σ. From the proof of Lemma 3.4.2, each F is
mapped with its own canonical map, so by Remark 3.4.1 we know that the branch
curve has only these singularities. Also from ([Ho1], Theorem 3), we get
4 =
∑
k
{(2k − 1)(ν(Ik) + ν(IIIk)) + 2k(ν(IIk) + ν(IVk))}+ ν(V1), (3.2)
where ν(∗) denotes the number of singular fibres of type (∗), we immediately obtain
that k = 1, 2.
Remark 3.4.4 Looking carefully at the resolution of the singular fibres with es-
sentials singularities given by Horikawa and its canonical image in Σ, we obtain
that
(i) each singularity (I1) or (III1) or (V1), induces one base point of |KS | and one
fixed point of the involution;
(ii) each singularity (I2) or (III2), induces a fixed component plus one base point
of |KS |, and three fixed points of the involution;
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(iii) each singularity (II1) or (IV1), induces a fixed component of |KS |, and two
fixed points of the involution;
(iv) finally, each singularity (II2) or (IV2), induces a fixed component plus two
base points of |KS |, and four fixed points of the involution.
As a direct consequence:
Corollary 3.4.5 If S has a pencil of genus 2, then |KS | has 4 base points, or 2 base
points and a (−2)-curve or has nonisolated base points and F 2 = −4, KSF = 0;
this is, S is a surface of type (IIc). Moreover, the canonical involution has 4 fixed
points.
Summing up, we have the following list:
Branch singularities Base points of |KS |
{ν(I1) + ν(III1) + ν(V1)} = 4 4 isolated points
{ν(II1) + ν(IV1)} = 2 F = F1 + F2 with F 2i = −2,KFi = 0
{ν(II1) + ν(IV1)} = 1 and
{ν(I1) + ν(III1) + ν(V1)} = 2 F with F 2 = −2,KF = 0 +2 isolated points
{ν(II2) + ν(IV2)} = 1 F with F 2 = −2,KF = 0 +2 isolated points
(3.3)
Example 3.4.1 Let pi : S → F0, be the bidouble cover of F0 with branch curves
D1 = 2f1 + f2, D2 = 2f1 + f2 and D3 = 6f1 + 3f2. Using the bidouble cover
formulas (see [Ca]), it is easy to check that K2S = 12, X (OS) = 7 and h0(KS) =
2h0(f1) + h0(−f2) = 6. Now, we analyse the double cover as a composition of two
double covers. First, consider Y → F0 the double cover with branch D1 +D2, note
that Y is a rational surface and the intersection points D1 ∩D2 = {p1, ..., p4}, will
be the base points of |KS |. The pencil of genus 2 comes from the linear pencil |f1|,
notice that we obtain 4 singular fibres of type (I1) corresponding to the lines through
p1, ..., p4.
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Remark 3.4.6 We point out that we can generalize this previous example taking as
branch curves: D1 = 2f1+ f2, D2 = 2f1+ f2 and D3 = pgf1+3f2 with pg ≥ 6 even.
This situation give us the invariants K2S = 2pg, X (OS) = pg + 1 and h0(KS) = pg.
Example 3.4.2 In F0, consider the bidouble cover pi : S → F0 with branch curves
D1 = f1 + f2, D2 = f1 + 3f2 and D3 = 3f1 + 5f2. The surface S has the invariants
K2 = 10, pg = 5 and q = 0. As before, we see the bidouble cover as a compositions
of two double covers. First, the double cover with branch curve D1 + D2, this is
Y → F0, where Y is a rational surface with four (−2)-curves coming from the
intersection points of D1 and D2. The linear system |pi∗F2| is the pencil of genus 2,
whose singular fibres are of type (I1) or (III1) or V , depending on the intersection
points of D1 and D2.
To find examples with other branch singularities, we first note that Σ ⊆ Ppg−1
is a rational surface of minimal degree. For instance, suppose that we want to find
a surface with two fibres of type (II1). As we have seen in the diagram below (3.3),
|KS | has nonisolated based points and two fixed components F1 and F2. For the
singular case, easy calculations gives that S is birational to a double cover of Fpg−2
branched along a curve in 6C0 + 4pgf . Next, we find a surface in this conditions
with pg = 5, for this Σ ' F3 and we pass through P2, so:
Example 3.4.3 The double cover S → P2 with branch curve B = B′ + L1 + L2,
where B′ is a divisor of degree 14 with three singular points p1, p2 p3 of types 3, 3
and [8, ((3, 3, 3), (3, 3, 3), 1, 1)] respectively; L1 is the line through p1 and p3; and L2
is the line through p2 and p3. For an specific example, see Magma computations in
the Appendix A.2.
To finish, we apply the results obtained throughout this chapter to know all the
possibilities for the fixed part of |KS |. Note that in the following proposition S is a
surface of whatever type not only of type (IIc).
Proposition 3.4.7 Let S be a surface with K2S = 2pg, pg ≥ 5 and q = 0. Then, if
F 6= 0, we have the following possibilities:
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(i) KSF = 0, H2 = 2pg − 2, HF = 2, F 2 = −2;
(ii) KSF = 0, H2 = 2pg − 4, HF = 4, F 2 = −4.
Proof: By the previous results, if F 6= 0, then deg φKS = 2 and S is a surface
of types (IIb) and (IIc). Note that 2pg = K2S = H
2 + HF + KSF . By the 2-
connectedness of the canonical divisor, we have HF ≥ 2, and KSF ≥ 0, because
KS is nef. So H2 + HF ≤ 2pg − 2. On the other hand, H2 ≥ 2(pg − 2), and this
implies KSF ≤ 2. We analyse the different possibilities for KSF . If KSF = 2,
then H2 = 2pg − 4, so S is a surface of type (IIc), HF = 2 and F 2 = 0. This
is not possible by Corollary 3.4.5. The same occurs for KSF = 1, because in this
case H2 = 2pg−3, HF = 2 and F 2 = −1, a contradiction to Corollary 3.4.5 again.
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Chapter 4
Even sets of (−4)-curves on
rational surfaces
Recall that a (−r)-curve on a surface is a smooth irreducible rational curve with
self-intersection −r. An even set of (−r)-curves is a disjoint union of (−r)-curves
C1, ..., Cn in a surface X, such that the divisor C1 + ... + Cn is divisible by 2 in
Pic(X).
4.1 General facts
Throughout this section we make the following
Assumption 4.1.1 X is a smooth projective rational surface having an even set
C1, ..., Cn of disjoint (−4)-curves on X, i.e. such that, with C := C1 + ... + Cn,
C ≡ 2L, for some L in Pic(X).
From now on to the end of this chapter, we denote by X a surface satisfying
Assumption 4.1.1.
Remark 4.1.2 We can contract the curves Ci obtaining a rational surface with n
quotient singularities of type 14(1, 1). This can be generalized: if X
′ is a rational
surface with n quotient singularities of type 1r (1, 1), then the minimal resolution of
X ′ is a smooth rational surface with n (−r)-curves, [Re3].
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Proposition 4.1.3 The divisor L satisfies the following:
(i) h0(X,L) = 0;
(ii) KXL+ L2 = 0;
(iii) (KX + L)2 = K2X + n.
(iv) 1 ≤ h0(X, 2KX + C) ≤ n.
(v) 1 ≤ h0(X,KX + L) ≤ n;
Proof: Assertion (i) is obvious, because 2L ≡ C, h0(X,C) = 1 and C is reduced.
By assumption 4.1.1, L2 = −n and KXL = n, this proves (ii) and (iii). Finally, by
the Riemann-Roch theorem, one has h0(X,KX + L) ≥ 1 and thus the left side of
inequalities (iv) and (v). Besides, from the long exact sequence obtained from the
exact sequence:
0→ OS(2KX)→ OX(2KX + C)→ OC((2KX + C) |C)→ 0,
one has h0(X, 2KX+C) ≤ n (and so also h0(X,KX+L) ≤ n) because X is rational,
OC(2KX + C) = OC and h0(C,OC) = n.
Remark 4.1.4 In what follows, we can assume that KX+L is nef. Otherwise, since
KX +L is effective, by Section 1.1, there is an irreducible curve E such that E2 < 0
and E(KX + L) < 0. Since each curve Ci satisfies Ci(KX + L) = 0, E is not one of
the curves Ci. We conclude that EL = 0 and EKX < 0, hence E is a (−1)-curve
disjoint from C and we can contract it without changing the initial assumptions.
Remark 4.1.5 Note that assuming that KX + L is nef means that for each (−1)-
curve θ, there exists at least one (−4)-curve Ci, such that θCi > 0, for otherwise
θL = 0 and hence θ(KX + L) = −1 a contradiction.
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Our next goal is to describe the double cover of X branched along C ≡ 2L. If
pi : S → X
is a double cover branched along C, then S is a smooth surface and by the double
cover formulas (2.2) and (2.3),
• KS = pi∗(KX + L); and
• X (OS) = 2.
Remark 4.1.6 The surface S, having X (OS) = 2 has Kodaira dimension ≥ 0.
Since we are assuming that KX + L is nef and KS = pi∗(KX + L), also KS is nef
and thus S is minimal.
Lemma 4.1.7 Let X be a rational surface with an even set C of (−4)-curves. Then
h0(X,−2KX) ≤ 1. Furthermore h0(X,−2KX) 6= 0 if and only if the double cover
S → X is a K3 surface.
Proof: Notice that h0(X,C) = 1 and by Proposition 4.1.3 (iv) h0(X, 2KX+C) ≥ 1.
Thus we conclude that either h0(−2KX) = 0 or h0(X,−2KX) = 1 and h0(X, 2KX+
C) = 1. Since KXCi = 2, if h0(−2KX) = 1 then, each Ci is a component of
−2KX . So we can write −2KX = C + Γ, where Γ is an effective divisor and letting
∆ = 2KX + C we obtain ∆ + C + Γ ≡ C. Hence ∆ = Γ = 0 namely C = −2KX .
Since X, being rational, has no 2-torsion, also L = −KX and so KS = OS . Thus
S having pg = 1, χ(OS) = 2 is a K3 surface. Conversely, if S is a K3 surface,
KS = OS and the result follows.
Next, we apply the above results to the following proposition.
Proposition 4.1.8 Let X be a rational surface with an even set C of n (−4)-curves
and such that KX + L is nef. Then −n ≤ K2X ≤ −1. Furthermore
(i) if K2X = −n, then K2S = 0;
(ia) κ(S) = 0 ⇒ S is a K3 surface, or
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(ib) κ(S) = 1 ⇒ S is an elliptic surface;
(ii) if K2X > −n, then K2S ≥ 2 and S is a surface of general type.
Proof: Since KX +L is effective and nef one has (KX +L)2 ≥ 0. So by Proposition
4.1.3 (iii) K2X ≥ −n. As we have seen, one has h0(X,KX + L) ≥ 1 and so since
h0(X,L) must be 0 we conclude that h0(−KX) = 0, otherwise the map
H0(X,−KX)⊗H0(X,KX + L)→ H0(X,L)
would have nonzero image. So by the Riemann-Roch theorem necessarily K2X ≤ −1.
The rest of the proposition is clear, by the classification of minimal surfaces (see
e.g. [Be1]) and K2S = 2(K
2
X + n).
Remark 4.1.9 As in Remark 4.1.2, we can consider X with an even set of n (−4α)-
curves where α ≥ 3 is an odd number, instead of α = 1. Then the double cover of
X could be only an elliptic or a general type surface. For more details see the end
of Section 4.4.
Finally, as a consequence of Proposition 1.2.2 we obtain:
Lemma 4.1.10 Let X be a rational surface with an even set C of n (−4)-curves,
then
n ≤ 16.
Furthermore, if equality holds then K2S = 0.
Proof: Since X (OS) = 2, one has c2(S) ≤ 24. On the other hand, for each curve
Ci, pi−1(Ci) is a (−2)-curve in S. Then, applying Proposition 1.2.2, we obtain the
result.
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4.2 The elliptic fibration
Let X be as in Assumption 4.1.1, this is, a nonsingular rational surface with
an even set of (−4)-curves C = C1 + ... + Cn. Also assume that X has an elliptic
fibration
p′ : X → P1,
with general fibre F ′ and such that every (−4)-curve is contained in a fibre.
Since F ′Ci = 0 and F ′C = 0, OF ′(C) = OF ′ and so either OF ′(L) = OF ′ or
OF ′(L) 6= OF ′ . In the first case for a general fibre F ′, pi∗(F ′) is disconnected. More
precisely pi∗(F ′) is the union of two fibres of an elliptic fibration on S. In the second
case pi∗(F ′) is connected and, by the Hurwitz formula, again an elliptic curve. So:
Lemma 4.2.1 With the above notation, pi∗(F ′) gives raise to an elliptic fibration
on S and we have the following commutative diagram:
S
p−−−−→ B
pi
y ypi′
X
p′−−−−→ P1
Moreover,
Lemma 4.2.2 Let X be as in assumption 4.1.1. If X has an elliptic fibration and
the (−4)-curves are contained in the fibres, then either:
• h0(−2KX) = 1, κ(S) = 0 and S is a K3 surface;
• or h0(−2KX) = 0, κ(S) = 1 and S is an elliptic surface.
Proof: The proof follows by Proposition 4.1.8 and Lemmas 4.1.7 and 4.2.1.
There is a converse to this:
Proposition 4.2.3 Let X be a nonsingular rational surface with an even set of
(−4)-curves C = C1 + ... + Cn (Assumption 4.1.1). Then, κ(S) ≤ 1 if and only if
X has an elliptic fibration containing the (−4)-curves.
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Before proving the above result, we need to establish facts.
First note that if κ(S) = 0, then S is a K3 surface, so KX + L ≡ 0 and X is a
Coble surface, this is, a nonsingular rational surface with empty anticanonical linear
system | −KX | but nonempty bi-anticanonical system | − 2KX |. By the results in
[DZ], in this case, there is a birational morphism X → P2 such that the image of
C ∈ | − 2KX | in P2 is a member of | − 2KP2 |, whence a plane sextic, which will be
called a Coble sextic.
Lemma 4.2.4 ([DZ], Section 5) We can describe C as a Coble sextic:
(i) if n = 1, then C is an irreducible (−4)-curve such that the image of C on P2 is
an irreducible member of | − 2KP2 |. Since K2X = −1 with ten singular points,
so is an irreducible member of a pencil of sextics with nine distinct double base
points and having an extra singular double point;
(ii) if n > 1, then C is the union of two members (both singular) of a cubic pencil
originating the elliptic fibration.
Also, we recall a well known result about rational surfaces with an elliptic fibra-
tion.
Lemma 4.2.5 There is at most one genus 1 fibration on a rational surface. If it
exists, it is given by the linear system | −mK|, where m is equal to the multiplicity
of its unique multiple fibre or 1 if it does not have any.
Proof: See ([CD], Chapter V).
We are ready to prove Proposition 4.2.3
Proof of Proposition 4.2.3. If X has an elliptic fibration containing the (−4)-
curves the result follows by Lemma 4.2.1.
Conversely, assume that κ(S) ≤ 1. By Proposition 4.1.8, we have two possibili-
ties, κ(S) = 0 or κ(S) = 1.
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For κ(S) = 0, S is a K3 surface and applying Lemma 4.2.4 we obtain the result.
More precisely, by Lemma 4.2.5, if n = 1 then X is a rational elliptic surface with
one multiple fibre of multiplicity 2; otherwise, n > 1 and X is a rational elliptic
surface without multiple fibres.
For κ(S) = 1, S is an elliptic surface and so there is a smooth curve B and a
surjective morphism p : S → B whose general fibre F is a nonsingular elliptic curve.
It is well known that (cf. [BPV], Chapter V, (12.3))
KS ∼ 2g(B)F +
r∑
i=1
mi − 1
mi
F, (4.1)
where m1F1, ...,mrFr are the multiple fibres of p : S → B.
Note that KS(pi∗(Ci)) = 2(KX + L)Ci = 0. Since pi : S → X is a double cover, it is
easy to check that the elliptic fibration of S comes from a fibration ofX, p′ : X → P1.
Let F ′ be a general fibre of p′. Since Fpi∗(Ci) = 0, also F ′Ci = 0 and F ′C = 0.
Using the same reasoning as in Lemma 4.2.1, we obtain that p′ : X → P1 is again
an elliptic fibration and we are done.
Remark 4.2.6 Recall that a Halphen pencil of index m is an irreducible pencil of
plane curves of degree 3m with 9 base points of multiplicity m (some of them may
be infinitely near). By [CD], the minimal resolution of a Halphen pencil of index m
is a rational elliptic surface with a multiple fibre of multiplicity m.
Conversely, again by [CD], if f : X ′ → P1 is a rational minimal elliptic surface
with a multiple fibre of multiplicity m (m = 1 if it does not have multiple fibre),
then there exists a birational morphism τ : X ′ → P2 such that the composition of
rational maps f ◦ τ−1 : P2 99K P1 is given by a Halphen pencil of index m.
So, if X is a surface as in Assumption 4.1.1, then κ(S) ≤ 1 if and only if there is a
Halphen pencil of index m in P2 corresponding to the elliptic fibration. In particular
for κ(S) = 0, m = 1 or m = 2.
In the next sections, we analyse separately the three different possibilities for the
double cover S.
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4.3 The K3 case
In this section we assume thatKS = OS , thus one has−KX = L and−2KX = C.
Notice that S is a smooth K3 surface with an involution σ such that σ∗ω = −ω
for a nonzero holomorphic 2-form. Zhang in [Za] classified the quotients of K3
surfaces modulo involutions. In particular, with the approach top-down, he proved
the following
Proposition 4.3.1 ([Za]) Assuming that X is a rational surface with an even set
of n disjoint (−4)-curves. If the double cover S is a K3 surface, then
1 ≤ n ≤ 10,
and n can take any value in this range (see examples below).
We present here another proof for this result; before we make some remarks.
Lemma 4.3.2 There exists an elliptic fibration σ : S → P1 coming from a rational
fibration of X.
Proof: Since X is a rational surface with K2X = −n, we can choose
γ : X → Fe,
a minimal model of X. Let f be a fibre of a ruling in Fe and C0 a section with
C20 = −e. It follows from
KX = γ∗(−2C0 − (e+ 2)f) + E,
where E is the exceptional divisor, that
C = γ∗(4C0 + 2(e+ 2)f)− 2E.
Therefore γ∗(f)C = 4 and applying the Hurwitz formula we obtain an elliptic fibra-
tion on S. Since S is a K3 surface, this fibration has no multiple fibres.
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Hence, we can consider the diagram:
S
σ−−−−→ P1
pi
y ypi′
X
p−−−−→ P1
Let Σ be the (finite) set of points in P1 over which p is not smooth and denote
by Fb the rational fibre of p, this is p−1(b), with b ∈ P1.
As we have seen, there are at most four (−4)-curves intersecting positively Fb.
Moreover, if n > 4, there exists at least one Ci such that FbCi = 0, and so Ci lies in
a fibre of the rational fibration. Denote by Σ′ ⊆ Σ the set of points over which p is a
singular fibre containing (−4)-curves. Then for all Pj ∈ Σ′ there exists i ∈ {1, ..., n}
such that Ci ⊆ Fj and then pi∗(Ci) ⊆ pi∗(Fj) := Fˆj , where Fˆj is a fibre of the elliptic
fibration σ on S.
Using this notation we have,
Lemma 4.3.3 The singular fibre Fˆj on S is a fibre of type: D˜n (n ≥ 4), II∗, III∗
or IV ∗. As a consequence,
]Σ′ ≤ 4,
that is, there are at most four singular fibres of p containing (−4)-curves.
Proof: We know that Fˆj comes from a fibre of p, denoted by Fj , that contains
(-4)-curves. Then Fj is reducible and so is Fˆj . Notice also that pi∗(Ci) = 2γi, then
the fibre Fˆj has double components and so Fˆj is of type D˜n (n ≥ 4), or II∗, or III∗
or IV ∗.
Next, notice that Xtop(Fˆj) ≥ 6 for all j ∈ Σ′. It is known that ([Be1], Lemma
VI.4)
c2(S) =
∑
s∈Σ
Xtop(Fs).
Since c2(S) = 24, Xtop(D˜n) = n+2, Xtop(II∗) = 10, Xtop(III∗) = 9 and Xtop(IV ∗) =
8, we have ]Σ′ ≤ 4. In particular, if ]Σ′ = 4, the singular fibre Fˆj is of type D˜4 for
all j ∈ Σ′, and there is just one (−4)-curve in each Fˆj .
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Proof of Proposition 4.3.1:We know that K2X = −n, so let m := 8+n, where
m is the number of blow-ups of X → Fe.
Each blow-up introduces an irreducible component in a rational fibre of p. Let
F1, ..., Fr be the reducible fibres of p andmi be the number of irreducible components
of each Fi. Letm =
∑
(mi−1). Since we are doingm blow-ups on a rational minimal
ruled surface ρ(X) = 2+m. Also by Lemma 4.3.2, for 1 ≤ i ≤ r, pi∗(Fi) is a reducible
elliptic fibre in S with si irreducible components, where si ≥ mi. By ([Be3], Lemme
2) the components of the fibres pi∗(Fi) generate in NS(S) a subspace of dimension
1 +
∑
(si − 1). In particular, we have
ρ(S) ≥ 2 +
∑
(si − 1) ≥ 2 +
∑
(mi − 1) = ρ(X).
If n ≥ 11, then m ≥ 19 and ρ(S) ≥ ρ(X) ≥ 21, a contradiction, since ρ(S) ≤ 20
because S is a K3 surface.
Remark 4.3.4 Let Fj =
∑
θi be a singular reducible fibre of p. For each θi, θ2i =
−d and KXθi = d− 2. Note that if θi is not a component of C, then θ2i = −1 or −2.
Otherwise, from θi(KX + L) = 0 we would have θiC = 4− 2d < 0, which is absurd.
We can conclude that the singular rational fibres of p have only components with self-
intersection −1,−2 or −4; in particular, the components θ with self-intersection −2
do not meet the branch locus, and so pi∗(θ) is the union of two disjoint components.
So ρ(S) > ρ(X). Therefore, if n = 10, the components of the singular fibres have
self-intersection −1 and −4, because ρ(X) = 20.
From the results of Section 4.2 note also:
Remark 4.3.5 Let X and S be as in Proposition 4.3.1. If n = 1, then X is a
rational elliptic surface with one multiple fibre of multiplicity 2; otherwise, n > 1
and X is a rational elliptic surface without multiple fibres. Obviously, in both cases,
X is not relatively minimal.
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As shown in Proposition 4.3.1 the number of (−4)-curves in C satisfies 1 ≤ n ≤
10.
Example 4.3.1 For completeness let us give an example of each possible case:
(i) For n = 1, as we have seen above, take a sextic curve in P2 with ten double
points. After blowing them up, we obtain a rational surface with a (−4)-curve.
See also ([Za], ex. 2.7).
(ii) For n = 2, in a pencil of cubics of P2, take two singular members with one
node each, N1 and N2 respectively. Blowing up the base points, N1 and N2 we
obtain the two (−4)-curves. This example, with another point of view, can be
found in [LP].
(iii) For n = 3, in a pencil of cubics of P2 take two singular members: one cubic
with a node, and the other a conic plus a line. Blowing up the base points and
the singular points of these two singular members we obtain the result.
(iv) For n = 4, take a pencil of cubics and choose two singular cubics: three non-
concurrent lines L1, L2, L3 and one cubic, C1, with one unique singular point,
a double point N . Let
C = L1 + L2 + L3 + C1
with the following singular points:
Li ∩ Lj = Pij with i, j = 1..3, and L1 ∩ C1 = {Q1, Q2, Q3}, L2 ∩ C1 =
{R1, R2, R3} and L3 ∩ C1 = {S1, S2, S3}
After blowing them up p : X → P2 we get L˜2i = −4, C˜21 = −4 and rational.
(v) For n = 5, take a pencil of cubics and C is the sum of two singular members
one conic plus a line, and three lines.
(vi) For n = 6, Let L1, ..., L6 be six nonconcurrent lines in P2 and C = L1 + ...+
L6 ∼ 6H. Then C has 15 singular points, we blow up each line in 5 different
points p : X → P2, then L˜i2 = −4, this is, take a pencil of cubics with two
singular cubics L1 + L2 + L3 and L4 + L5 + L6.
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(vii) For n = 7, in F0 denote by L1 and L2 the two rulings, then take R1 ∼ R2 ∼
R3 ∼ L1, M1 ∼ M2 ∼ M3 ∼ L2 and S ∼ L1 + L2 (without singular points).
Blowing up the intersection points we obtain seven (−4)-curves and the cover
a K3. This is, in P2 take a pencil of cubics and the two singular cubics are one
nonsingular conic C plus a line L1 and three nonconcurrent lines L2, L3, L4
with these intersection points C ∩Li = Pi1 and Pi2 such that L1 ∩L2 = P11 =
P21 and L3 ∩ L4 = P31 = P41, the other intersection points are all different.
(viii) For n = 8, in F0, with the same notation as above, take R1 ∼ R2 ∼ R3 ∼
R4 ∼ L1 and M1 ∼M2 ∼M3 ∼M4 ∼ L2. As before, in P2 we take a pencil of
cubics with these two singular members: L1 +L2 +L3, three concurrent lines,
write L1 ∩L2 ∩L3 = P and L3 +L4 +L5 three concurrent lines as well, write
L3 ∩ L4 ∩ L5 = Q, such that P 6= Q and the other intersection points are all
different.
(ix) For n = 9, 10, in P2 take six lines L1, ..., L6 with this configuration: L1, L2 and
L3 with a common point P ; L1, L4 and L5 with a common point Q1; L2, L4
and L6 with a common point Q2; L3, L5 and L6 with a common point Q3;
finally L1 ∩ L6 = R1, L2 ∩ L5 = R2 and L3 ∩ L4 = R3, all different points.
First of all, we blow up P , then L˜1, L˜2, L˜3 are fibres of F1 and denote by L
the exceptional curve lying over the point P ; now we blow up each fibre six
times and we obtain ten (−4)-curves, two of them in each fibre, plus the strict
transform of L˜1, L˜2, L˜3 and L.
We can obtain n = 9 in a similar way, see for instance Example 2.10 of [DZ].
4.4 The elliptic case
Now let S be an elliptic surface with κ(S) = 1. Using the same notation as in
Section 4.2, there is an elliptic fibration p : S → B and we denote the general fibre
by F .
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In this section, we want to prove the following theorem and also to establish
some properties to enable us to construct examples.
Theorem 4.4.1 Let X be a rational surface with an even set of n disjoint (−4)-
curves. If the double cover S is an elliptic surface with κ(S) = 1, then:
(i) 1 ≤ n ≤ 12;
(ii) X is a rational elliptic surface p′ : X → P1;
(iii) if F ′ is the general fibre of p′, then pi∗(F ′) = F1 + F2 is disconnected.
The proof will be given throughout this section.
As in the proof of Proposition 4.2.3, one can write
KS ∼ 2g(B)F +
r∑
i=1
mi − 1
mi
F, (4.2)
where the multiple fibres of the elliptic fibration are m1F1, ...,mrFr. Furthermore,
since the elliptic fibration is the unique elliptic fibration on S, it is necessarily invari-
ant under the involution associated to the double cover and we have a commutative
diagram:
S
p−−−−→ B
pi
y ypi′
X
p′−−−−→ P1
(4.3)
Note that, since the general F does not meet the ramification divisor, p′ : X → P1
is also an elliptic fibration. For a general fibre F ′ of p′ there are two possibilities:
pi∗(F ′) is the union of two fibres of the elliptic fibration on S, or pi∗(F ′) is connected
and pi∗(F ′) = F . In both cases, F ′Ci = 0.
First of all we are going to describe the singular fibres of p′ containing (−4)-
curves.
Proposition 4.4.2 There exists a birational morphism  : X → X ′, where X ′ is an
elliptic relatively minimal surface with the following property:
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for i = 1, ..., n, the curve C ′i := (Ci) is an irreducible component of a fibre of
type II, III, IV or mIr with 1 ≤ r ≤ 9 and m ≥ 1.
Proof: Notice first that, since K2X = −n, X is not relatively minimal and so
there exists a (−1)-curve θ1 such that θ1 is a component of one of the fibres F ′ of
the elliptic fibration of X. Besides, by Remark 4.1.5, there exists a (−4)-curve C1,
with θ1C1 = α ≥ 1. As we have seen above C1 is contained in some fibre F ′ and so
also (θ1 + C1) ⊂ F ′. As a consequence, by Zariski’s lemma
(θ1 + C1)2 = −1 + 2α− 4 ≤ 0
and so α ≤ 2.
If α = 2, 2θ1 + C1 ⊆ F ′ and (2θ1 + C1)2 = 0 mean that m(2θ1 + C1) = F ′ for
some m ∈ N,m ≥ 1. Contracting θ1, 1 : X → X1, we obtain a fibre of type I1, mI1
or II in X1 and K2X1 = −n+ 1.
If α = 1, since θ1L ≥ 1, one has θ1C ≥ 2 and so θ1 meets, at least, another
(−4)-curve C2. As in the precedent paragraph we conclude that θ1C2 = 1. Let
1 : X → X1 be the blowing down of θ1 and 1(Ci) = C˜i. Then C˜1 and C˜2 are
curves with self-intersection −3 and C˜1C˜2 = 1. As before, we have in this fibre a
(−1)-curve θ˜2. Hence either θ˜2 comes from a (−2)-curve in S, or θ˜2 comes from a
(−1)-curve in S.
If θ˜2 comes from a (−2)-curve θ2, then it is easy to see that 4θ1 + 2θ2 +C1 +C2
is a fibre. Contracting θ1 and θ2 we obtain a fibre of type III.
If θ˜2 comes from a (−1)-curve, there are three possibilities:
(i) θ2C1 = θ2C2 = 1. Then we have (2θ1 + 2θ2 +C1 +C2)2 = 0 and so we have a
fibre or a rational multiple of a fibre . Contracting θ1 and θ2, we obtain that
an integer multiple of the image of 2θ1 + 2θ2 + C1 + C2 is a fibre of type I2.
(ii) θ2C1 = θ2C2 = 0. First of all, let us point out that every (−4)-curve Ci meets,
at most, three (−1)-curves (possibly infinitely near). In fact if Ci meets four
(−1)-curves, it is not very difficult to see that contracting these the image of Ci
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is a smooth rational curve with self-intersection 0. This is impossible because
the fibres of an elliptic fibration have always pa = 1. Thus, since C˜21 = −3,
there exists a (−2)-curve δ with δC1 = 1 and δθ2 = 1. There are also two,
and only two, (−4)-curves C3 and C4 intersecting θ2, this is θ2C3 = θ2C4 = 1.
Then we have C3 + C4 + 4θ2 + 2δ + C1 + ... in the fibre, but as we have seen
before C3 + C4 + 4θ2 + 2δ is a fibre, and we obtain a contradiction.
(iii) θ2C2 = 0 and θ2C1 = 1.
If there is another (−1)-curve θ′2 such that θ′2C1 = 1, we have θ′2C2 = 0; if not,
θ′2C2 = 1 and then (2θ1 + 2θ′2 + C1 + C2)2 = 0, but we have 2θ1 + 2θ′2 + C1 +
C2 + θ2 ⊆ f , which is absurd. We have seen above that there exist C3 and
C4, different (−4)-curves, such that θ2C3 = 1 and θ′2C4 = 1. Then we have
4θ1 + 4θ2 + 4θ′2 + 3C1 +C2 +C3 +C4 ⊆ f and (4θ1 + 4θ2 + 4θ′2 + 3C1 +C2 +
C3 + C4)2 = 0, we get a fibre of type IV .
If there is not another (−1)-curve intersecting C1 and since θ2C2 = 0, there
exists another (−4)-curve C3 with θ2C3 = 1. As before, blowing down θ1 and
θ2, C˜3 and C˜2 are curves with self-intersection −3, so there exists another
(−1)-curve θ3. Since, as before, θ3C3 = 1, then either θ3C2 = 1 or θ3C2 = 0.
If θ3C2 = 1 we have 2θ1+2θ2+2θ3+C1+C2+C3 ⊆ f and (2θ1+2θ2+2θ3+
C1 + C2 + C3)2 = 0, so we obtain a fibre (or a rational multiple of a fibre)
of type I3. In the other case, θ3C2 = 0, there is another (−4)-curve C4 ...,
repeating the same argument we obtain a fibre of type mIr, r ≥ 4 and m ≥ 1.
In conclusion, since n is a finite number andK2X = −n there are n (−1)-curves in the
fibres and after contracting them by  : X → X ′, one obtains an elliptic relatively
minimal rational surface X ′ with these singular fibres.
By [HL] a connected fibre on a rational minimal elliptic surface has at most nine
irreducible components, and so in particular for mIr we have 1 ≤ r ≤ 9.
Denote by F ′j the elliptic fibres in X containing (−4)-curves and by
J = {F ′j , j = 1, ..., n′}
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the set of these fibres. Also denote by J ′ = {(F ′j), j = 1, ..., n′} the image of J in
X ′.
Keeping this notation:
Corollary 4.4.3 The number n of (−4)-curves in C is at most 12. In particular,
if n = 12 the singular fibres of the elliptic fibration of X ′ are all in J ′.
Proof: Since X ′ is a relatively minimal rational elliptic surface we have that
c2(X ′) = 12 and by ([Be1], Lemma VI.4), we know that
c2(X ′) =
∑
s
Xtop(F ′s),
with F ′s the singular fibres.
Also, noticing that Xtop(In) = n, Xtop(II) = 2, Xtop(III) = 3 and Xtop(IV ) = 4,
the result follows by Proposition 4.4.2.
Remark 4.4.4 The pull-back pi∗(F ′j), where F
′
j ∈ J , will be one of following types:
• If (F ′j) is of type mIr, this is F ′j = m(
∑r
1Ci+2θi), then pi
∗(F ′j) = m(
∑r
1 2γi+
2θˆi) = 2m(
∑r
1 γi + θˆi), therefore pi
∗(F ′j) = 2mI2r with 1 ≤ r ≤ 9 and m ≥ 1.
• If (F ′j) is of type II, then pi∗(F ′j) = pi∗(2θ1 + C1) = 2(θˆ1 + γ1), therefore
pi∗(F ′j) = 2III.
• If (F ′j) is of type III, then F ′j = 4θ1 + 2θ2 + C1 + C2 with θ2 a (−2)-curve
such that θ2C = 0, hence pi∗(F ′j) = 2(2θˆ1+θ
1
2+θ
2
2+γ1+γ2), so pi
∗(F ′j) = 2D˜4.
• Finally, if (F ′j) is of type IV , then pi∗(F ′j) = 2(2θˆ1+2θˆ2+2θˆ3+3γ1+γ2+γ3),
so pi∗(F ′j) = 2E˜6.
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We want now to understand pi∗(F ′). So, we begin by supposing that pi∗(F ′) = F .
In this case B = P1 and we can consider the commutative diagram:
S
p−−−−→ P1
pi
y ypi′
X
p′−−−−→ P1
Lemma 4.4.5 If pi∗(F ′) = F , every fibre (F ′j) ∈ J ′ is a fibre of type mIr. In
particular,
F ′j = mj(
rj∑
1
Ci + 2θi),
with n (−1)-curves θi, 1 ≤ rj ≤ 9 and mj ≥ 1.
Proof: The result follows at once from Proposition 4.4.2, Remark 4.4.4. If pi∗(F ′) =
F , by Remark 4.4.4 the pull-back of any fibre containing a (−4)-curve is a double
fibre of the elliptic fibration in S.
Since for every multiple fibre mF0 in a elliptic fibration, F0 cannot be simply-
connected (cf. [BPV]) and looking at the description of the fibres in Proposition
4.4.2 we obtain the statement.
As mentioned in Section 4.2, it is well known that every relatively minimal
rational elliptic surface has at most one multiple fibre.
We analyse the different possibilities for the multiple fibres to prove the next
proposition:
Proposition 4.4.6 The elliptic fibration p′ : X → P1 of diagram (4.3) satisfies
pi∗(F ′) = F1 + F2.
Proof: Under the assumption that pi∗(F ′) = F , let mD be the unique multiple
fibre in X ′, if it has any, otherwise let m = 1 and D be any fibre.
First of all assume that mD /∈ J ′, then mj = 1 in F ′j for all j = 1...n′. The
multiple fibres in S are pi∗(mD) of multiplicity m, and pi∗(F ′j) of multiplicity 2,
j = 1, ..., n′. Thus, since X (OS) = 2, and the elliptic fibration has base P1,
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KS ∼ (m− 1)
m
F +
n′
2
F.
On the other hand, since
KX ≡ −F ′ + (m− 1)
m
F ′ + θ1 + ...+ θn,
by the double cover formulas we obtain
KS ≡ −F + (m− 1)
m
F + θ̂1 + ...+ θ̂n + γ1 + ...γn =
(m− 1)
m
F + (
n′
2
− 1)F,
a contradiction.
Now, assume that m > 1 and mD ∈ J ′. Then the multiple fibres in S are
pi∗(mD) of multiplicity 2m and pi∗(F ′j) of multiplicity 2, with j = 1, ..., n
′− 1. Thus
KS ∼ (2m− 1)2m F +
(n′ − 1)
2
F.
As before, KX ≡ −F ′+ (m−1)m F ′+ θ1+ ...+ θn and by the double cover formulas we
obtain
KS ≡ −F + (m− 1)
m
F + θ̂1 + ...+ θ̂n + γ1 + ...γn =
=
(m− 1)
m
F + (
(n′ − 1)
2
− 1)F + 1
2m
F,
since m is a natural number we have a contradiction again and the result follows.
So pi∗(F ′) is disconnected and there is a natural 2 − 1 map pi′ : B → P1. By
using the Hurwitz formula we get
g := g(B) =
degR
2
− 1,
where R is the ramification divisor. Let us recall the commutative diagram (4.3)
S
p−−−−→ B
pi
y ypi′
X
p′−−−−→ P1
Then keeping the above notation:
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Lemma 4.4.7 One has
n′ ≤ deg R ≤ n′ + 1
Proof: Since S is branched along C = C1 + ... + Cn, each F ′j ∈ J corresponds to
a ramification point of pi′, so n′ ≤ deg R. Also, since p′ : X ′ → P1 has at most
one multiple fibre, there is at most one more ramification point corresponding to a
multiple fibre (necessarily of even multiplicity) of the elliptic fibration of X ′, hence
the result.
Lemma 4.4.8 The singular fibres of p coming from fibres F ′j ∈ J of X are of type
mI2r (1 ≤ r ≤ 9, m ≥ 1), III, D˜4 and E˜6.
Proof: Using Remark 4.4.4, notice that if (F ′j) is a fibre type mIr, then pi
∗(F ′j) =
2m(
∑r
1 γi + θˆi). Therefore we obtain in S a fibre of type mI2r with 1 ≤ r ≤ 9 and
m ≥ 1. If (F ′j) is type II, III, or IV , then pi∗(F ′j) = 2F , with F a fibre of type
III, D˜4 and E˜6 respectively.
Remark 4.4.9 Let us describe the different possibilities for the canonical divisor of
S depending on n′ (the number of singular fibres containing pi∗(Ci)) and mD (the
multiple fibre of X ′):
• Assume that n′ is an even number. Since deg R is even, the ramification
points will correspond exactly to the fibres in J , that is deg R = n′ implying
g = n
′
2 − 1. If there is a multiple fibre mD in X ′ and mD /∈ J , then mD
does not correspond with a ramification point and so the fibration in S has
two multiple fibres of multiplicity m each, giving
KS ∼ (n′ − 2)F + 2(m− 1)
m
F.
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Instead if mD ∈ J , then there is one multiple fibre of multiplicity m and
KS ∼ (n′ − 2)F + m− 1
m
F.
There is no multiple fibre in X ′ precisely in the case that m = 1
KS ∼ (n′ − 2)F.
Note that n′ = 2 implies that m > 1, so there is a multiple fibre in X ′.
• Assume that n′ is an odd number. Hence, as we have seen, deg R = n′ +
1, so g = n
′+1
2 − 1 and mD /∈ J with m = 2m′, m′ ≥ 1, that is there
is a (unique) multiple fibre of multiplicity even which corresponds to some
ramification point. If m′ > 1 in S there is a unique multiple fibre pi∗(2m′D)
of multiplicity m′, otherwise there are no multiple fibres. Then,
KS ∼ (n′ − 1)F + m
′ − 1
m′
F,
and n′ = 1 implies that m′ > 1.
From Remark 4.2.6 note that
Remark 4.4.10 The elliptic fibration of X is given by a Halphen pencil of index
m with, at least, n′ singular members whose corresponding fibres are of types III,
D˜4, E˜6 or mI2r with 1 ≤ r ≤ 9 and m ≥ 1.
Examples
- We take a pencil of cubics with 12 nodal cubics, blowing up the base points and
these 12 double points we will obtain a rational elliptic surface with K2X = −12
and n = 12. The double cover S will be an elliptic surface. In a similar way,
we can obtain examples for n ≥ 4 even.
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- Using Magma, we can find a pencil of sextics with 4 nodal sextics. Blowing
up these double points and the base points, we get examples for n = 2, 3 or 4.
For more details see Appendix A.2.
- To find Halphen pencils of indexm withm ≥ 3 is not an easy matter. One way
is the following: we take a rational minimal elliptic surface with a section and
a nonsingular fibre F with an element of Pic(F ) of orderm. Then, there exists
an elliptic surface having a fibre of type mF ([HL], Section 7). Moreover, the
number of (−2)-curves of this surface depends on the choice of the element of
Pic(F ) and the number of (−2)-curves of the original surface.
To end this section, we are going to analyse briefly the elliptic case with other
quotient singularities.
4.4.1 Another quotient singularities
As we have seen in Remark 4.1.9, we can study the more general problem where
X is a smooth projective rational surface and C1, ..., Cn is an even set of disjoint
(−4α)-curves, where α ≥ 1 is an odd number. It is easy to check that
h0(KX + L) ≥ n(α− 1)2 + 1.
Also, we have that
X (OS) = 2 + n(α− 1)2 ,
(KX + L)2 = K2X + 3αn− 2n,
and
KX(KX + L) = K2X + n(2α− 1).
Up to now, we have studied the case α = 1; from now on, we suppose that α ≥ 3
and, as we will see, the situation is a little bit different. First of all remark that, as
in Remark 4.1.4, we can assume that KX + L is nef whence KS is nef and S is a
minimal surface. In particular, the surface S is or elliptic or of general type.
If K2X = 2n− 3nα, then K2S = 0 and S is of elliptic type. Next we will prove:
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Proposition 4.4.11 Keeping the same notation, if S is an elliptic surface we have
the diagram:
S
p−−−−→ P1
pi
y ypi′
X
p′−−−−→ P1
where the elliptic fibration of p comes from a rational fibration p′ on X and does not
have multiple fibres. Moreover, n = 1 or n = 2 or n = 4 and S is a regular surface.
Proof: Denote by p : S → B the elliptic fibration and F a general fibre. Recalling
that pi∗(Ci) = 2γi, from pi∗(Ci)KS = 2(2α− 2) one has γiKS = 2α− 2 > 0. Since γi
is a rational curve and KS = p/qF , γiF > 0 for each i and hence B ' P1. Therefore
KS ∼ n(α− 1)2 F +
∑
(mi − 1)Fi,
h0(KS) =
n(α−1)
2 + 1 and q(S) = 0.
By the projection formula one has
|KS | = |KX + L|,
so h0(KX + L) =
n(α−1)
2 + 1 and |KX + L| is composed with a pencil, this is
|KX + L| = |n(α− 1)2 F
′|+N,
with N is the fixed part and pi∗(F ′) = F .
We claim that F ′ is a rational pencil and N = 0. By the Hurwitz formula we
know that g(F ′) ≤ g(F ), besides if g(F ′) = 1 then γiF = 0, which, as we have seen,
is not possible. So g(F ′) = 0. Next, we are going to prove that |KS | is a linear
system without fixed part. Recall that the fixed part of |KS | are the multiple fibres
but these fibres comes from the multiple fibres in |KX + L|. Since g(F ′) = 0 and
a rational pencil does not have multiple fibres, we prove the claim. Finally, from
C(KX + L) = 2n(α − 1) one obtains that CF ′ = 4 and CiF ′ = 4n > 0 for each
i ∈ {1, ..., n} and the result follows.
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Example 4.4.1 Let γ : X → Fe be a minimal model of X and C0 the section of Fe
with minimal self-intersection −e. The morphism γ blows down m curves.
For n = 4, since K2X = 8−12α, one has m = 12α. Take e = 4α, then C1 = γ∗CO
is a (−4α)-curve. The other come from |C0+ef |. In fact since (C0+ef)2 = 4α, we
choose three curves C ′1, C ′2 and C ′3 in this linear system with different intersection
points. Then C = γ∗(C0 + C ′1 + C ′2 + C ′3)− 2E1 − ...− 2E12α.
4.5 Some remarks on the case of general type
Suppose now that S is a surface of general type, this is K2S ≥ 2. From [Mi1],
K2S ≤ 9X (OS) and so K2S ≤ 18.
Recalling that K2S = 2(K
2
X + n) and −n < K2X ≤ −1, so
2 ≤ K2S ≤ 2(n− 1), 2 ≤ h0(2KX + C) ≤ n and n ≥ 2. (4.4)
We do not know if this case can happen since we did not find examples as in the
previous cases. Below we give some properties for this situation. More precisely,
throughout this section we will prove:
Proposition 4.5.1 Suppose that S is a surface of general type. One of the following
holds:
• if S is regular, then 2 ≤ K2S ≤ 8 and 2 ≤ n ≤ 9;
• if S is irregular, then q(S) = 1. Also, 6 ≤ K2S ≤ 10 and 4 ≤ n ≤ 9.
Proof: We divide the proof into steps.
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Step 1: h0(2KX + C) = h0(2KX + L) = K2X + n+ 1.
By the Riemann-Roch theorem
h0(2KX + C) = K2X + n+ 1 + h
1(2KX + C).
The projection formula h1(2KS) = h1(2KX + C) + h1(2KX + L), together with
h1(2KS) = 0, give h1(2KX + C) = 0 and so h0(2KX + C) = K2X + n + 1. Since
KX +L is effective, nef and big, by Theorem 1.5.2, then h1(−KX −L) = 0 and thus
h0(2KX + L) = K2X + n+ 1 as asserted.
Step 2: The canonical divisor satisfies 2 ≤ K2S ≤ 10 and 2 ≤ n ≤ 14.
If K2S = 18, by the Noether’s formula one has c2(S) = 6 and applying Miyaoka’s
formula (Proposition 1.2.2), we obtain n = 0: also for K2S = 16 we obtain n = 1.
Then K2S ≤ 14.
Similarly, if K2S = 14, then n ≤ 3. For n = 2, we have 14 = 2K2X + 4 and thus
K2X = 5, a contradiction by the inequalities (4.4). For n = 3, we have 14 = 2K
2
X+6,
and thus K2X = 4, a contradiction again. The same argument proves that K
2
S 6= 12.
Then K2S ≤ 10.
If K2S = 10 then n ≤ 7. From Proposition 4.1.8, one gets K2X ≤ −1, whence the
only possibility is 6 ≤ n ≤ 7. For n = 7 we have K2X = −2 and for n = 6 we have
K2X = −1. In the same way, if K2S = 8 then 5 ≤ n ≤ 8, if K2S = 6 then 4 ≤ n ≤ 10,
if K2S = 4 then 3 ≤ n ≤ 12, and finally if K2S = 2, then 2 ≤ n ≤ 14.
From now on, we are going to analyse separately the cases when S is regular and
irregular.
Step 3: If S is a regular surface of general type, then 2 ≤ K2S ≤ 8 and 2 ≤ n ≤ 9.
The hypothesis q(S) = 0 implies b2(S) = c2(S) − 2 and pg(S) = 1, hence b2(S) =
22−K2S . Since pi : S → X is an holomorphic map of degree 2, then
pi∗ : H2(X,R)→ H2(S,R)
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is an injective ring homomorphism. We have b2(X) = h1,1(X) and
b2(S) = h2,0(S) + h1,1(S) + h0,2(S),
where h2,0(S) = h0,2(S) = 1. Since h1,1(X) ≤ h1,1(S), one has
b2(X) ≤ b2(S)− 2.
Note that, since X is a rational surface, b2(X) = 10 − K2X . If K2S = 2, then
b2(S) = 20 and that implies K2X ≥ −8. In conclusion, K2X ≥ −8 and from K2S =
2(K2X + n), n ≤ 9.
Likewise, for K2S = 4 one has K
2
X ≥ −6 and n ≤ 8; for K2S = 6 one has K2X ≥ −4
and n ≤ 7; for K2S = 8 one has K2X ≥ −2 and n ≤ 6; finally K2S 6= 10.
Step 4: If S is an irregular surface of general type, then S is not of Albanese
general type and the genus of a general fibre of the Albanese fibration is > 2.
Suppose that q(S) ≥ 1. Then pg(S) = q + 1 ≥ 2 and, since an irregular surface
satisfies K2 ≥ 2pg by ([De]), K2S ≥ 4.
Since S is a double covering of a surface with pg(X) = q(X) = 0 and q(S) > 0,
by the De-Franchis theorem ([DF]) S is not of Albanese general type, and so we can
consider the Albanese fibration
f : S → B,
where q(S) is the genus of B. We denote by g the genus of a general fibre of f and
write q := q(S). We have the following commutative diagram:
S
f−−−−→ B
pi
y ypi′
X
f ′−−−−→ P1
where pi′ is a 2:1 map with degR = 2q + 2, where R is the ramification divisor.
By the appendix of [De]]
K2S ≥ 8(g − 1)(q − 1).
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Since, by Step 2, K2S ≤ 10, the only possibilities are q = 1, g ≥ 2 and degR = 4,
or q = 2, g = 2 and degR = 6. In this last case the slope inequality ([Xi2])
4(g − 1)
g
≤ K
2
S − 8(g − 1)(q − 1)
X (OX)− (g − 1)(q − 1) ≤ 12
yields K2S = 10 and thus 6 ≤ n ≤ 7.
Assume in either case that g = 2. Then f and f ′ are fibrations of genus 2
with 2q + 2 fibres of f ′ corresponding to the ramification points of pi′. Denote by
F1, ..., F2q+2 those fibres of f ′ and let pi∗(Fi) = 2F˜i, where F˜i is a fibre of f . Since
a fibration of genus 2 does not have multiple fibres all the fibres Fj , j = 1...2q + 2,
have to contain some of the (−4)-curves and all its other components will appear
with even multiplicity. So we can write Fj = C1 + ... + Cs + 2D, where C1, ..., Cs
are (−4)-curves in C appearing with odd multiplicity in Fj and D is an effective
divisor. Since KX(C1+ ...+Cs) = 2s and KXFj = 2, by the assumption g = 2, then
KXD = 1 − s. Now, CiF = 0 implies CiD = 2, and so from DF = 0, one obtains
2D2 = −2s, this is D2 = −s. But then KXD +D2 = 1 − 2s, and this contradicts
the adjunction formula. So we can conclude that g > 2.
Step 5: If S is irregular, then q(S) = 1. Also, 6 ≤ K2S ≤ 10 and 4 ≤ n ≤ 9.
By the previous step g > 2, whence q = 1.
Notice that a surface with an Albanese fibration with g 6= 2 satisfies K2 ≥
8/3X (O) ([Ho5]) and thus K2S ≥ 6.
Finally, as we have seen for the regular case, we have h1,1(X) ≤ h1,1(S) and since
q(S) = 1, one has b2(S) = c2(S)+2; also, b2(S) = h1,1(S)+4, then b2(X) ≤ c2(S)−2.
Applying this inequality for K2S = 6, we obtain n < 10.
Remark 4.5.2 For the irregular case, q = 1 implies pg(S) = 2. Hence f is a
fibration of genus g(> 2) with 4 fibres, Fj , (j = 1..4) corresponding to the ram-
ification points of pi′. We can write as in Step 4 of the previous proposition,
Fj = C1 + ... + Cs + 2D, if there exists a component with odd multiplicity, oth-
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erwise write Fj = 2C1 + ... + 2Cs + 2D. In the first case, KSD −D2 = g − 1 − 2s
and then g must be odd, for the second case we obtain g = −1− 4s, and so g must
be odd again. Thus g = 2α+ 1 with α ≥ 1.
4.5.1 The case K2X = −1 and n = 2
Let us consider this particular case, thereby K2S = 2(−1 + 2) = 2.
Lemma 4.5.3 For every (−1)-curve θ, we have θC ≥ 6. In particular, θCi ≥ 2 for
i = 1, 2.
Proof: Let θ be a (−1)-curve, then θC = 2α with α ≥ 1. Using Riemann-Roch
theorem it is easy to prove that −KX + θ is an effective divisor and also we see
that (−KX + θ)2 = 0. Since (2KX + C)2 = 2, by the Index theorem we know that
(2KX +C)(−KX + θ) > 0, hence α > 2 and then θC ≥ 6. Notice that for a general
n we obtain θC ≥ 2n+ 2.
Suppose we have a (−1)-curve θ such that θC1=0, this is θC2 = 2α. Since
2KX +C1 is an effective divisor with (2KX +C1)θ = −2 we can write 2KX +C1 =
rθ + D with r ≥ 1. Notice that D is an effective divisor and D2 = r(4 − r); also
KX +L is nef, so (2KX +C)D ≥ 0. Therefore 4+ r(2− 2α) ≥ 0, which implies that
r = 1 and α = 3, but in this case D2 = 3, a contradiction to the Index theorem.
The same argument proves that θC1 6= 1, whence θCi ≥ 2 for all θ (−1)-curve.
We want to describe C1 +C2, for this we will first analyse the divisor 3KX +L.
First of all, applying the Riemann-Roch theorem we have that h0(2KX +L) ≥ 2
and h0(3KX + L) ≥ 2. Also, by the assumptions, one has (3KX + L)2 = 1 and
KX(3KX + L) = −1.
Lemma 4.5.4 For K2X = −1 and n = 2 the divisor 3KX + L is nef.
Proof: First, we claim that 2KX + L is nef. Indeed, otherwise there exists a (−1)-
curve θ with (KX + L)θ = 0 and so θC = 2, a contradiction to Lemma 4.5.3. With
the same reasoning we prove that 3KX + L is nef.
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Proposition 4.5.5 Let X be a rational surface with an even set of two disjoint
(−4)-curves C1 and C2. Assume also that K2X = −1. Then there exists a birational
morphism γ : X → P2 and
C1 + C2 = γ∗(24H)− 8E1 − 8E2 − ...8E8 − 6θ1 − 6θ2.
Proof: We can write
|3KX + L| = |M |+ F,
where F is the fixed part. Let us start by assuming that F = 0. We have seen that
|M | is a linear system with h0(M) ≥ 2 and also M2 = 1, then a general element of
M is smooth. The exact sequence
0→ OX → OX(M)→ OX(M) |M→ 0,
gives h0(M) = 1+h0(M |M ). Since g(M) = 1, M|M is nonspecial, whence h0(M) =
2. Therefore |M | is an elliptic pencil with one base point and hence without multiple
fibres.
We start by blowing up φ : X˜ → X at the base point of |M |. Let M˜ be the
strict transform of M and E the exceptional curve, we obtain an elliptic pencil
with M˜2 = 0 and K2
X˜
= −2, thus X˜ is an elliptic surface not relatively minimal.
Let θ1 and θ2 be the two (−1)-curves lying in the fibres. Let p′ : X˜ → T˜ be
the blow down of θ1 and θ2. Now, T˜ is a rational minimal elliptic surface and let
E = p′∗(E˜)−n1θ1−n2θ2 and M˜ = p′∗(M˜T˜ ), hence M˜2T˜ = 0. Since M˜E = 1 we have
E˜M˜T˜ = 1 and ni = 1 or 0. First suppose that E = p
′∗(E˜)−θ1−θ2, then E˜KT˜ = −3,
and this implies that E˜MT˜ = 3 a contradiction. Likewise, if E = p
′∗(E˜)− θ1, then
E˜MT˜ = 2 a contradiction again. In conclusion, E = p
′∗(E˜) and E˜ is a (−1)-curve.
Next, let φ′ : T˜ → T be the blow down of E˜. Then there is a commutative diagram:
X˜
φ−−−−→ X
p′
y yp
T˜
φ′−−−−→ T
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such that T is a rational relatively minimal elliptic surface with one base point.
Let M˜T˜ and MT be the elliptic fibre of T˜ and T respectively. Since −KT˜ = M˜T˜ ,
besides −KT˜ = −φ′∗(KT )− E˜ and M˜T˜ = φ′∗(MT )− E˜, which implies that −KT =
p(M). Thus
M = 3KX + L = 3p∗(KT ) + 3θ1 + 3θ2 + L = p∗(−KT )
gives C1 + C2 = −8p∗(KT ) − 6θ1 − 6θ2. If T is a rational surface with −KT nef
and K2T = 1 then T is the blow up of P2 in 8 points possibly infinitely near (see
[D]). Therefore, there exists ρ : T → P2 a birational morphism, such that −KT =
ρ∗(3H)− E1 − ...− E8, and thus
C1 + C2 = γ∗(24H)− 8Eˆ1 − ...− 8Eˆ8 − 6θ1 − 6θ2,
where γ = ρ ◦ p and γ∗(Ei) = Eˆi.
Next, suppose that 3KX+L has fixed components, this is F 6= 0. SinceM is the
mobile part, one has M2 ≥ 0. From Lemma 4.5.4, 3KX +L =M +F is nef and big,
then MF ≥ 1 (see Section 1.3). Besides, 1 = (M + F )2 = M2 +MF +MF + F 2,
where M2 +MF ≥ 0 and MF + F 2 ≥ 0 because M + F nef. It is easy to check
that the only possibility is M2 = 0, F 2 = −1 and MF = 1. Then we know that
F (3KX + L) = 0 and thus FKX ≤ 0 because KX + L is nef. It follows that
FKX = −1. Also KX(3KX +L) = −1 and then KXM = 0. Hence, M is an elliptic
pencil without multiple fibres and F a (−1)-curve. Since K2X = −1, there exists θ a
(−1)-curve with θM = 0. Blowing down θ, p : X → T , we obtain a rational elliptic
surface T with −KT = p(M). Then
3KX + L = p∗(3KT ) + 3θ + L = −p∗(KT ) + F
which gives C1 + C2 = −p∗(8KT )− 6θ + 2F .
Since T is a relatively minimal rational elliptic surface, there exists a birational
morphism p′ : T → P2 given by the resolution of an Halphen pencil of index 1
(Section 4.2). Hence, we conclude that
C1 + C2 = γ∗(24L)− 8Eˆ1 − ...− 8Eˆ9 − 6θ + 2F
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where γ = p′ ◦ p and p∗(Ei) = Eˆi. Since F is a (−1)-curve with MF = 1 we have
that F is one of the Eˆi, and we obtain the result.
Remark 4.5.6 The above arguments also show that, if X is a rational surface with
C1 and C2, an even set of two disjoint (−4)-curves, such that K2X = −1, then X is
a basic surface.
4.5.2 Possible examples
Finally, we describe two possible constructions of examples when S is a surface of
general type.
• Let C1 and C2 be two curves of degree 12 in P2 with eight common points of
multiplicity 4 each and two more, θ1 and θ2 such that C1 has multiplicity 4
in θ1 and multiplicity 2 in θ2 and C2 has the inverse, i.e., multiplicity 2 in θ1
and 4 in θ2. Note that the expected dimension of a space of curves with theses
singularities is negative, therefore we do not know if this exist.
• Let C1, C2, C3 and C4 quadrics in P2, such that C1∩C2∩C3∩C4 = {P5, ..., P12}
are eight nonsingular points of all the four quadrics and each Ci has three
singular points Pj with j ∈ {1, 2, 3, 4}\{i}. As in the previous example, the
expected dimension of the space of such curves is negative. Note that, if we
assume that the four quadrics do exist, then, two of them generate a elliptic
pencil in a rational surface with K2 = −1. In that case, there exists a (−1)-
curve contained in the fibres.
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Appendix A
Examples
In this appendix two examples are given using the Computational Algebra System
MAGMA (version V2.11-14).
Information about Magma can be found on the Magma on-line help system
http://magma.maths.usyd.edu.au/magma/htmlhelp/MAGMA.htm. We refer also
to [Ri3] and [Ri4].
We present here input lines and comments (which are preceded by //). In
Magma, the symbol \ at the end of a line means continuation in the next line.
Output lines are not included here.
A.1 K2 = 10, pg = 5 with a fibration of genus 2 having
two fibres of type II1
In P2, suppose we have a curve B′ of degree 14 having two triple points p1, p2 and
a point p3 of multiplicity 8 which resolves, after one blow-up, to two points of type
(3, 3, 3). Take the lines L1 and L2 through p1, p3 and p2, p3, respectively. In Section
3.5 we see that the smooth minimal model S of the double cover of P2 with branch
curve B = B′ + L1 + L2 is a surface of general type with K2S = 10 and pg(S) = 5
having a pencil of genus 2 which contains two fibres of type II1.
We want to construct the curve B′. The Magma function LinearSystem computes
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only linear systems of curves with ordinary singularities. Since B′ has nonordinary
singularities, we are going to use the Magma function LinSys, given by Rito in [Ri4],
which computes linear systems of curves having nonordinary singularities.
//We load the file containing LinSys .
load "LinSys.m";
A<x,y>:=AffineSpace(Rationals(),2);
L:=LinearSystem(A,14);
// The three points.
p:=[A![1,0],A![0,1],A![0,0],A![0,0]];
// The multiplicities.
m:=[[3],[3],[8,3,3,3],[8,3,3,3]];
// The tangent directions.
t:=[[],[],[[1,1],[1,2],[1,3]],[[1,4],[1,5],[1,6]]];
J:=LinSys(L,p,m,t);
#Sections(J);
BaseComponent(J);
// We choose one curve and we verify that it is reduced.
C:=Curve(A,Sections(J)[2]);
IsReduced(C);
// The next Magma function gives a complete information about the singularities.
[ResolutionGraph(C,p[i]):i in [1..#p]];
A.2 Pencil of sextics with four nodal members
Suppose we have a pencil of sextics in P2 with nine double points as base points
and such that there are four elements of the pencil with another double point each.
After blowing up the singularities of these curves and the base points, we obtain an
elliptic rational surface with an even set of four (−4)-curves such that K2 = −4. In
Section 4.4, we have seen that the double cover ramified over this set of (−4)-curves
is an elliptic surface with κ(S) = 1.
To find such a pencil we use Magma. We are going to construct a pencil of
84
sextics with eight singular members, giving thus eight singular fibres of the associated
elliptic fibration, four of which of type I2. It is well known that
∑Xtop(Fi) = 12,
where Fi are the singular fibres (see [Be1], pg 73). Therefore, the remaining singular
fibres have to be of type I1, so we will obtain the set of four (−4)-curves.
A<x,y>:=AffineSpace(Rationals(),2);
p:=[A![0,0],A![1,2],A![1,-2],A![3,4],A![3,-4],A![6,1],A![6,-1],\
A![10,6],A![10,-6]];
L:=LinearSystem(LinearSystem(A,6),p,[2,2,2,2,2,2,2,2,2]);
#Sections(L);
BaseComponent(L);
// Since we are looking for nodal fibres, we are not intererested
// in the fibres given by l[1] and l[2] as we see below.
R<x,y>:=PolynomialRing(Rationals(),2);
h:=hom<PolynomialRing(L)->R|[x,y]>;
l:=h(Sections(L));
C1:=Curve(A, l[1]); IsReduced(C1);
C2:=Curve(A, l[2]); IsReduced(C2);
SingularPoints(C2);
HasSingularPointsOverExtension(C2);
// Next we are going to find the singular fibres of L.
R<x,y,n,a>:=PolynomialRing(Rationals(),4);
h:=hom<PolynomialRing(L)->R|[x,y]>;
l:=h(Sections(L));
F:=a*l[1]+l[2];
Fx:=Derivative(F,x); Fy:=Derivative(F,y);
A:=AffineSpace(R);
S:=Scheme(A,[F,Fx,Fy,1+n*x*(x-1)*(x-3)*(x-6)*(x-10)]);
// To each [x,y,a,n] in S corresponds a fibre with more singular points.
Dimension(S);
// The dimension is 0, thus we have a finite number of solutions.
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// We compute the solutions and the corresponding field extension.
f:=PointsOverSplittingField(S);
#f;
// We have 12 4-uples in S.
// We can see that the first eight solutions correspond
// to four fibres of type I_2.
a:=[f[i][4]:i in [1..#f]];
// We check for one value of "a" that it gives a reducible
// and reduced fibre.
R<x,y>:=PolynomialRing(Ring(Universe(f)),2);
h:=hom<PolynomialRing(L)->R|[x,y]>;
l:=h(Sections(L));
A:=AffineSpace(R);
C:=Curve(A, a[1]*l[1]+l[2]);
IsReduced(C);
HasSingularPointsOverExtension(C);
#SingularPoints(C);
//The existence of 11 singular points implies that it is a fibre of type I_2.
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